APPLIED MATHEMATICS 1
(CBCGS 2016)

Q1]a) If cosacosP = % , sinasinB% , prove that :- (3)

sec(a - i) + sec(a + iB) = %
X -y

Solution:- cosacosB=§ and sinasinB=% ................... (given)
1
sec(a-if) = 1 — = cosac051B+.51.noc51.n1[3 1 = 2 (1)
cos (a-iB)  cosacoshB+isinasinhf x iy X +iy
2 B2

similarly for sec(a + i) we get,

sec(a +if) = L ................... (2)

X-iy
from (1) and (2)

sec(a-if) + sec(a + if) = X +y iy 2y

2 2 2
Qi]b) If Z =log(e" + ¢) show that rt-s’=0where r=22% , =92 - 92
0x dy 0x dy

Solution :- (3)
Z =log(e" + €)

1) % - e 0’z _ efe+e)e(e) _ ePae’e”

d (e"+ &) ox” (e"+ ')’ (e"+ ')’
aZZ Xy




2) 0z _ € L _ e'(e’+ e’)-¢’(¢") _ e?+e”-e”
ay (e'+¢) ay’ (e"+ ') (e"+ ')’
9°Z e’
t=— = /55  crerrens 2
ay” (e"+ e’)? 2)
0z e 9’z e’
3) — = —~——~ S o S R T sererrerecsenenne 3
( ) aX (ex_l_ ey) aX ay (ex+ ey)Z ( )
From (1), (2) and (3) we get,
e e e’ ) ™
rt = X = = (T3 ) e 4
((ex+ ey)z ) ((ex+ ey)z ) ((ex+ ey)z ] ( (ex+ ey)z ) ( )
Xy 2 2xy
2 e e
S" = |/ = (5 ) e 5
e Ee ?
From (4) and (5) we get,
2xy 2xy
tog? = e i e - 0.
s ( (e"+ ')’ ) (e"+ ")’ )
Hence proved rt- s°=0
Q1] o i x=uv,y= Y . find 20Y) 3)
u-v a(x,y)
u u
Solution:- @Y _ % %
oxy) v, v,
u+v .
X=UV, Y= — e (given)
u-v
we know thatJ)’ =1 ...l (1)

the equation can also be solved by this following method.

ox o
oxy) _ [X X _ [0u av
ouv) ly, y| |9y 9y

du o0v
9x o(uv) = v. - (2)
du
ox d(uv) =u. we(3)

ov




dy u+v (u-v)-(u+v) A -2

% = a(m) = W u-v-u+v/u-vA2 = W .................... (4)
ady _ u+v| _ (u-v)+(u+v) _  2u

aV - a( u-V ) - (u-v)z - (u_v)z --------------------- (5)

From equation (2), (3), (4), (5) we get,

ox  0x \% u
ou ov _ v 20 _ 2uv 2uv._ _ 4uv
- - _ 2 _ 2 - _ 2°
dy dy vy ) (u-v) (u-v) (u-v)
du O0v
From (1) we get,
=1
4uv , 4uv
J><(u_v)2 N (let)J [ V)2)
- 2
Hencel = (u-v)
uv
= cot2
Q1] d) If y=2"sin*xcosxfind y_ (3)
Solution :- 2° = "% = ¢™ where a=log2
2sin®xcosx _ sin' xcosx.sinx x2 _ sinx.sin2x - 2sinx.sin2x _ Cosx cos3x
2 2 2 2x2 4 4
.2 CosSX co0s3x
~ sin”xXcosx = —— - —/——
4 4
v - e”cosx e cos3x

4 4

1/ 50 ax ( )_ 1/ 413X ( )
y, = Yar,e cos (x+ng, Var,e Ccos | 3x+n¢,

v4ri2%cos (x+n@, ) - 4r,2"cos (3x+ng,)

Ya

r,= [(log2)* +1 r,= ((log2)? + 3




Q1]e) Express the matrix as the sum of symmetric and skew symmetric matrices.

Solution:-
1 0 5 3 1 -2
21 6 1 » [0 1
A= Al =
3 2 7 1 5 6
4 4 2 0 3 1
1 0 5 3 1
(A+A’) _ 11-2 1 6 1 +1 0
23 2 7 1 2 (5
4 -4 2 0 3
1 0 5 3 1
2 3 2 7 1 2 (5
4 4 2 0 3
1 -1 4
-1 1 4
Let P = l(A+A’) =
2 4 4 7
7/2 -3/2 3/2
1 -1 4 7/2
b = -1 1 4 -3/2
e 4 7 32
7/2 -3/2 3/2 0
Hence P =P’. Pis a symmetric matrix.
0 1 1
1 -1 0 2
LetQ = = (A-A’) =
Q=R =1 2 o

1/2 -5/2 1/2

1
N

_a N W
1
S

_ N
_~a N W
1
NN

1
N

_ oy

7/2
-3/2

3
2
7
1 0
3/2‘

-1/2

5/2

-1/2
0

1
-1
4
7/2
[0
-1
-1

1/2

1 4
1 4

4 7

-3/2 3/2
1 1
0o 2

2 0

5/2 1/2

(4)

7/2]
-3/2
3/2

-1/2]

5/2

-1/2
0




o 1 1 -1/2
1 0 2 5/2
1 2 0 12
1/2 -5/2 1/2 0

Hence Q = Q. Qis a skew symmetric matrix.

2X _ 2
Q1] f) Evaluate lim e” - (1+x)?

x~0 xlog(1+x) “

2x _ 2 2x i )
Solution :- lim 1. e~ (1+x)? = lim 1. e - (1+x)?
x-0  xlog(1+x) « X0 X
—
2x _ 2
= lim1, & (1)
x—0 X
Applying L-Hospital rule
2x 1 2x 0
1im1.w _ lim1.4e 2 _ 4e-2 _ n
x=0 2X x—0 2 2

Q2]a) Show that the roots of x’=1 can be written as 1,a’,a’,a’,a" . hence show that (1
-a')( 1-a®)(1-a’)(1-a* ) = 5. (6)

Solution:- x° =1 =cos0 + isin0

5

~ X = cos(2km) + isin(2 k)
1
. x' = (cos (2km)+ isin(2 km))5 = cos% + isin%
Putting k =0,1,2,3,4 we get the five roots as
X =cos0 +isin0=1 X, = cosZ—T[+ isinz—n X = cos4—T[+ isin4—1T
0 ’ ! 5 5 ° 2 5 5 '

___6bm, .. 6T __8m, .. 8m
X, = COS—+isin— , X, = cos—+ isin—-.
3 5 5 4 5 5




Putting X, = cosz?n+ isinz?n = o we see that X, = (xz, X,

~theroots are 1, «, az, 0(3, o and hence
ox-1= (x-2)(x- aor( x- o’ )(x- o’ )(x-a4)

x°-1 2 3 4
)T (x- o) ( x- o )(x- a” )(x-a)
o (- a)( x- o )(x- o )(x-a) = XM+ x4k 1.
Putting x=1, we get

(1- a)(1-a)(1-a’)(1-a*) = 5

Q2]b) Reduce the following matrix to its normal form and hence find its rank.

Solution:- (6)

3 2 0 1
_lo 2 2 7
A=l 2 32
01 2 1
2R -R, R,- R, R,- R, R,- R,
1 2 6 -3 12 6 -3 10 4 -10 10 4 -10
02 2 7| 5 022 7| 022 7 010 6
1 -2 -3 2 0 4 9 -5 0 4 9 -5 0 4 9 -5
01 2 1 012 1 012 1 01 2 1
R,- R, 4R,- R, R, + 2R, R,/(-9)
10 4 -10 10 4 -10 100 0] [tO0 0 o0
01 0 6| o1 0o 6| _f0o1 0 6[_Jo1 o0 6
0 4 9 -5 00 -9 29 00 -9 29 Jo 0o 1 -29/9
00 2 5 00 2 5 00 -2 5/ loo 2 s
2R, +R, 6C,- C, 29/9C, + C, R, /(-13/9)
100 0 100 0 100 0 100 0
010 6 o110 o o100 of o100
00 1 -29/9 oo 1 2979 o o1 o | oo 10
0 0 0 -13/9 0 0 0 -13/9 000 -139] lo o o0 1




Hence the given matrix is converted to its normal form

Q2] ¢) Solve the following equation by Gauss-Seidel method up to four iterations

4x-2y-z = 40, x-6y+2y =-28, x-2y+12z = -86.

Solution:- we first write the equation as

X= Y4 [4042y+z] e (1)
y= %[28+X+ZZ] .......................... (2)
2= —[-86-X+2y] e, (3)

(i) FIRST ITERATION :-
we start with the approximation y=0, z=0 and then we get from (1),
YX, = Y (40) = 10

We use this approximation to find y i.e. put x=0, z=0 in (2)

1
ty, = Z[28+10+2(0)] = 6.3333

We use these values of x and y tofindz i.e. weputx=4,y=6.3333in(3),

. 1—12[-86-10+2(6.3333)] - -6.944

1

(i)  SECOND ITERATION :-
We use latest values of y and z to find x i.e. we put y =6.3333,z=-6.9444in (1)
~ X, = Y%[40+2(6.3333)-6.9444] = 11.4306

2

We use this approximation to find y i.e. put x=11.4306, z=-6.9444 in (2)

1
~y, = 8[28+11.4306+2(-6.9444)] = 4.2569

i.e. we putx=11.4306,y=4.2569 in (3),

hz, = é[-86-11.4306+2(4.2569)] - .7.4097

(iii) THIRD ITERATION :-
We use latest values of y and z to find x i.e. we put y =4.2569, z =-7.40974 in (1)
~ X, = Y%[40+2(4.2569)-7.4097] = 10.2760

2

(8)




We use this approximation to find y i.e. putx=10.2760,z=-7.4097 in (2)

1
+y, = -[28+102760+2(-7.4097)] = 3.9094

i.e. we put x=10.2760, y =3.9094 in (3),

hz, = %[-86-10.2760+2(3.9094)] - .7.3714.

(iv) FOURTH ITERATION:-
We use latest values of y and z to find x i.e. we put y=3.9094,z=-7.3714in (1)

WX, = %4[40+2(3.9094)-7.3714] = 10.1118

2

We use this approximation to find y i.e. putx=10.1118,z=-7.3714 in (2)

1
“y, = -[28+10.1118+2(-7.3714)] = 3.8948

i.e. we put x=10.1118 ,y =3.8448 in (3),

1

—5[86-10.1118+2(3.8948)] = -7.3602.

Sz, =

Hence , upto two places of decimals

x=10.11, y=3.89, z=-7.36.

Q3] a) Investigate for what values of p and A the equations x+y+z=6, x+2y+3z=
10, x+2y+Az = has

1) No solution

2) A unique solution

3) Infinite number of solutions. (6)
1 1 1fx 6
Solution:- wehave [1 2 3||ly| = [10
1 2 Altz H
By R,-R, R;-R
1 1 1]x 6
0 1 2(yl =1 4
0 0 A-3lZ p-10
i) The system has unique solution if the coefficient matrix is non-singular (or the rank A, r=

the number of unknowns, n =3).




This requires A -3 not equal to O,
Hence Ais not equal to 3.

Hence the system has unique solution.

ii) If A = 3 the coefficient matrix and the augmented matrix becomes
1 1 1 1 11 6
0 1 2land |0 1 2 4
0 0 O 0 0 0 p-10

The rank of A = 2 the rank of [A,B] will be also 2 if u = 10.

Thus if A =33and pu=10 the system is consistent. But the rank of A (= 2) is less than
the number of unknowns (=3). Hence the equation will posses infinite solutions.

iii) If A=3andp#10 ,the rank of A=2, and the rank of [A,B] = 3. They are not equal and
the equations will be inconsistent and will not posses any solution.

Q3lb)If u= X’ +y* +7z° where x= ¢e', y= e'sint, z= e'cost
Prove that % = 4e” (6)

Solution:-

du _ dudx, dudy, dude
dt dxdt dy dt o0z dt

6_u=2x,@=2y,6_u=22
0x dy 0z
dx _ o« dy

=e , = e'(sint+cost) , % = e'(-sint+cost)

dt dt

du _ dudx, dudy, Oudz

dt oxdt dy dt o0z dt
= 2x(e') + 2y(e'(sint+cost) ) + 2z(e'(-sint+cost) )
= 2x(x) + 2y(y+z) + 2z(z-y)
=2x" + 2y2 + 27" + 2Xy - 2xy

2

=2x° + 2y2 + 22

=2(X2+y2+ZZ)




2t 2tf . 2 2
=e + e (sm t+cos t)

2t 2t

2t
=e +e = 2e

Substituting value of u in equation (1)

du _ oy - 2(2e™) = 4de
dt

2t

Hence proved

Du _ 2t
at 4e.
x° 5x"
Q3]c) i) Show that sin(e™-1) = x' + STy (4)
¥ x X

Solution :- We have sin(e’-1) =sin (1 +x + Tt g -1)

¥ x  x

sin(e™-1) =sin(X+=+ = + =— ... )
2 6 24
3 5
But sinB= 06— 5 + L
3! 5!
2 3 4 2 3
X X 1
sinfe’-1) =x+=—+ — +— +....... — =|X+=—+. +
6 24 6
XZ X3 X4- X3 4
=X+ —+ — +— + el S
2 6 24 6
x’ 5x’
=E Xt — - —/——/ T e

2

Q3]c) ii) Expand 2x° + 7x° + x- 6 in powers of (x-2) (4)

Solution :- Let f(x) = 2x° + 7x* + x- 6 and a=2
S F(x) = 6% + 14x +1, /(x) = 12x +14, £7(x) = 12

~f(2)=45, f(2)=53, f'(2)=38, f”(2)=12.

Now , f(x)=f(a) + flx-a)f'(a) + %ma) e




) = f(2) + (x2)F(2) + %f"(ZH ....................

2x° + 7x%° + X-6 =45 + (x-2).53 + (x-2)210 + (x-2)32

Q4] a) If x=u+v+w, y =uv+vw+uw, z = uvw and @ is a function of x,y and z.

de de ae de de de
Provethat x—*— + 2y—* + 3z—- = u—* + v—- + w—— 6
0x yay 0z du v ow (6)
Solution:- s afunction of x,y and z and x,y,z are themselves functions of u,v,w.
de dp 0x . dp dy , 0@ 0z (0] ae ae
o —— = _— — — —= —X — = _1 — s o
Jdu 0x du ¥ dy du ¥ Jdz du 0x ¥ dy (v+w) + GZVW
And a—(p = a_(‘p@ + a_(pa_y +a_(‘p@
av dx dv. 0y dv 0z dv
= (?)_i)'l + g—(}lj(u+w) +g—(5.uw
And 99 a—(p% + a—(pﬂ +6_(pﬂ
ow 0x ow dy dw 0z Ow
= ?9_(5'1 + g—;‘:(v+u) +%—(§.uv
Multiplying (1) by u, (2) by v, (3) by w and add
ua—(p + va—(p + wa—(p = (u+v+w)a—(p + [(uv+uw)+(vu+vw)+(wv+wu)]a—(p +3’»uvwa—(p
ou av ow 0x dy 0z

= (u+v+w)a—(p + [2(uv+vw+uw)] 9¢ +3uvwa—(p
0x dy 0z

99 + Zya(p + 326(p

= X
dx dy 0z

09, 509, 300 _ e, de ,  d¢
o xaX + 2yay + 32(’)2 uau + vav + waW

Q4] b) If tan(0 + i) = tana +iseca

Prove that 1)e’’ = cot% 2) 260 = nmt + gﬂx. (6)

Solution :- tan(8 + ig) = tana + iseca ~ tan(0 -i@) = tana - iseca




tan (O+ip) +tan (0-ip)
1-tan (8+i¢g)tan (6-ip)

~ tan20 = tan[(0 + i@i@+ (6 -ig)]

tan (6+iseca) +tan (B-iseca) 2tana 2tana U
= ; . = 7 Y= >—-cota = tan(< + a)
1-tan (B+iseca)tan (B-iseca) 1-(tan’a+sec’a)  -2tan’a 2

%20 = nm + g+a. (general value).

Again tan(2ip) = tan[(0 + i) - (0 -ip)]

_ _tan (B+iseca)-tan (B-iseca)
1+tan (@+iseca)tan (B-iseca)

_ 2Ziseca _

-~ itanh2¢@ 5= icosa ~  tanh2¢ = cosa
2sec’a
1 1 1 2COSZ(—]
~ 2@ = tanh”(-1) (cosa) (cosa=log rcosa = —log ogcotg
2 1-cosa 2 Zsinz(—]

Q 4]c) Find the roots of the equation x* + x° - 7x"-x + 5 = 0 which lies between 2
and 2.1 correct to 3 places of decimals using Regula Falsi method.

Solution:- (8)
Given that a=2 and b =2.1.
f2) = (2)*+(2)%-7(2)?-2+5 = -1
f(2.1) = (2.1)*+ (2.1)3-7(2.1)*-(2.1) +5 = 0.739100.
_ af(b)-bf(a) £ —1Mx _ _
L = (b)-f(a) (2x0.73910—1))%(2.1)0.739100—10.739100—1.05750. ............... (1)

f((x,) = (2.05750)* + (2.05750) - 7(2.05750)?- 2.05750 + 5

= -0.05973.

~ af(xl)-xlf(a)
27 TH(x @)

= (2x(-0.05973)—1))x(2.05750)0.05973—1.05750)0.05973—12
f((x,) = (2.061152)* + (2.061152)*-7(2.061152)?-2.061152 + 5

= 0.005326.

. af( x,)- x,f(a)

= (2x(0.005326)—1))x(2.061152)0.005326—1.061152)0.005326—1.
3 f( x,)-f(a)




f((x,) = (2.06082)* + (2.06082)- 7(2.06082)%- 2.06082 + 5

= -0.000582.

< = af( x3)-x3f(a)

= (2x(-0.000582)—1))x(2.06082)0.000582—12.06082)0.000582—1
* f( x,)-f(a)

Hence from (4) and (3) iteration we get that value of x is coinciding.

Therefore the final value of x is 2.0608.

Qs5]a)If y = (x+vx*-1)" , Prove that

()(2-1)yn+2 + (2n+l)xy  + (nz-mz)yn =0 (6)
Solution:-

y = (x+Vx*-1)"

taking + sign before the radical

ay, = m[(x+\/X2-1)m'1].[1+ﬁ]

my

Vx*-1

= m(X+\/X2-1)m)_ ﬁ =

Vxi-1 Ly, = my
Differentiating again w.r.t x,
X
\/Xz'l.y2+my1 = myl
(x2-1)y2 + Xy, = m\/xz-l.y1 = mmy = my2
(xz-l)y2 + Xy, - my” =0

Hence after applying lebnitz’s theorem we get,

(xz-l)yn+2 + (2n+l)xy | + (nz-mz)yn =0

Q5]b) Using the encoding matrix [(1) ﬂ encode and decode the message




I*LOVE*MUMBAI.

Solution:-

ABCDETFGHIJK LMNOTPOQRSTUV WX
1 23 456 7 8 910 11 12 13 14 1516 17 18 19 20 21 22 23 24
* Y. 2

27. 25. 26

| * L O V E * M UMBAI *

9 27 12 1522 5 27 13 21 13 2 1 9 27

Encoding the message includes the following process.

[1 1” 12 22 27 12 ]
0 11127 5 13 13 1 27

9+27 12+15 22+5 27+13 12+13 2+1 9+27]
27 15 5 13 13 1 27

36 27 27 40 25 3 36
27 15 5 13 13 1 27

Hence the encoded message we get as,
36,27,27,15,27,5,40, 13, 25, 13, 3, 1, 36, 27.

Now the process of decoding is as follows.

Inverse of [1 1] is [1
0 1 0

[ -1] [36 27 27 40 25 3 36
0 13 13 1 27

36-27 27-15 27-5 40-13 25-13 3-1 36-27]
| 27 15 5 13 13 1 27

[ 9 12 22 27 12 ]
27 15 5 13 13 1 27

Hence the original message is obtained again after encoding and decoding.




Q5]c) i) Considering only principal values separate into real and imaginary parts

Solution:- let z =i =~ logZ = log(1+i).logi
But Iog(i+1)=|ogﬁ+itan'11 = Iogﬁ + ig and Iogi=i.E1T
T, . T 1 LT T o
~ logZ=(logJ2 + i— ).i.— = [Zlog2 +i— 2 = — +i-log2 = 3 =
87 = (logJ2 + 17 ).i.~ [5log2 + i m)/ g Tiglos2 = e
where 0 = %logz = e 8[cosO + isinBisind

2 2 2

. Realpartof Z = e 8cos = e_SCOS(%logZ] ~nary part of Z = é%in&logz)

Q5]c) ii) Show that ilog(;(—;ii) =m—2tan’ x (4)

and log(x-i) =% 1o -.ffzi(x2+1) —ijtan 1
X

Iog(X—_l_) = log(x-i) - log(x+i)

X+i
= -2itan” 1 = -2i(E —tan” x )
X 2
Iog(X—_l_) =-i(m-2 tan" x )
X+i

s Iog(X—_l_) =(m-2tan'x) .
X+i

Q6]a) Using De Moivre’s theorem prove that

cos’0-sin’0 = 1—16(cos66+15c0526) (6)

Solution:- Let as above x = cos 0 +isin®, then 1. cos 0- isin®
X




1

(2cos0)® = (x+=)°
X
=x°+ 6%, 1+15x41+20xgl+15le+6x 15 +l6
X x* x’ x* X X
=X6+6X5+15X2+20+1512+614 +l6 ......................... (1)
X X X
(2isin® )° = (x—l)6
X
=x6—6x5+15x2-20+1512—614 +l6 .......................... (2)
X X X

(2sinB )¢ = x°+6x° — 15" + 20 — 1512 N 16
X X X

Subtracting (2) from (1),
1 1 1
4

2°(cos’0-sin’0) = [x°+6x° + 15x° + 20+ 15 + 6 +— | —
X X X
[-x6+6x5—15x2+20—1512+614 -16]
XX X X
=26+ L)+ 15+ )
X it

=2c0s60 + 15c0s20 .........cvevenen. [ (x + ) = c0s60]

= 2° (cos’0-sin°0) = 2cos66 + 15c0526.

c0s’0 - sin®0 = 1—16(cos69+1500529)

il i
Q6] b) If u=sin (X * y , Prove that
X2 - yz
20%u 0’u 20°u tanu
Xﬁ +2Wm+y? = (tanu + 13) (6)

Solution:-
101

3 3
Z = sinu = \/(Xl+ yl) = f(u) = F(X,Y) say.
- yZ




Putting X =xt, Y =yt
1 1 1 1 1/3 1 1
F(X,Y) = \/( : yl) - \/(( )1 v )1 =+ 1/2( : yl) _ tl/lzf(x,y)

X2 - y? (xt)2- (y1)? X2 - y?

Thus Z = f(u) = sinu is a homogenous function of x, y of degrees 1/12

Hence , by the above corollary.

RO gy 20 20U )]
0x oxady oy
f(u) -1 sinu -1
Where, = N—= = ——— = —tan
8U) = "t T 12°cosu 120
g'(u)-1 = Lectu-1 = i(1-tan2u)—1 - L 13
12 12 12 12
= i(tanzu +13)
12

- gu)lg (u)-1] =(%tanu)(%(tan2u +13))

20%u d’u .0’y tanu 2
X P + 2xyaxay +y a—yz = Taz (tan'u + 13)

Q6]c) Find the maxima and minima of x’y’(1-x-y) (8)
Solution :- we have f(x) = x’y*(1-x-y)
Step1:-f = y'[3x°(1-x-y)-x] = y*(3x*4x>-3x%y)
= (3X2y2-4x3y2-3xzy3)

f, = x"3 [2y(1-x-y)y(1-x-y)y*2] = x(2y-2xy-3y’)

= (2yx3-2X4y-3x3y2)
f = 6yx -12x°y -6x'y’
fxy = 6y1x2 - 8)(3y1 - 9xzy2

f 2x°-2x" - 6x°

yy

Step 2:- we now solve for f, =0 ,f =0
2 3y°% - 4%’y 3%y’ =0 e, yx°(3-4x-3y)=0
And 2y'x’-2x"y'-3x’y* =0 ie. y'x’(2-2x-3y) =0




~x=0,y=0 and (3-4x-3y) =0, 2-2x-3y3y0

Subtracting we get 1-2x=0

1
aXx=% o~ 3y=3-4(1/2)=1 Ly = 3
~ (0,0) and (1/2, 1/3) are stationary points.

Step 3:- at x=0, y=0,r=0,s=0,t=0 art- =0

At x=%, y=1/3

W=
[SSHE

r=f, = 6(1/2)(1/9)-12(1/4)(1/9)-6(1/2)(1/27)/9)-12(1/4)(1/9)-6(1/2)(1/27) %

_ 1

C12

t=f, = 2(1/8)-2(1/16)-6(1/8)(1/3)(1/16)}6(1/8)(1/3)  =%- =~ % = -3
vt st=(-1/9)(-1/8) - (1/12)(1/12)9)(-1/8)-(1/12)(1/12) =—+.--L - L1 .

And r=-1/9<0 . f(x,y)is a maxima

Maximum value =1.1 == =
89
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Q.1(a) Prove that tanh !(sin 0) = cosh™!(sec 0) [3]

Ans : LHS = tanh l(sin @)

We know that, tanh™1(x) = %109 (g)

1 1+sin 0
LHS = 5109(1—sin9)
R.H.S = cosh™l(sec )

We know that , cosh™1(x) = log (x + Vx%2 — 1)
RH.S = log (sec 6+ Vsec?0 —1)
= log ( ! +Sin0) ...... {Vse020—1=tan0=sme}

cos 0 cos 0 cos0

)

= lo ( 1+sin 6 )
= 09 V1-sin20

[ V1+sin 0
09 (\/l—sin (7]

1 1+sin 6
= Slog(

1+sin @
cos 0

log (

)

s tanh™1(sin ) = cosh™1(sec 0)

1-sin 6

Hence Proved .

(b) Prove that the matrix % [ 1 1 i 1_+1l is unitary. [3]
_ _17r 1 1+i
Ans: Let A_x/§[1—i _1]

The matrix is unitary whenA.A% =TI .




1—it:i[1 1+1i
1-i -1

o _ave_ 1] 1

A% =(4) _\/§[l+i -1 3
o_ 17 1 1+

A4 _\/§[1—i -1

i[ 1 1+
V3ll—i -1

_1/3 0
"3 [0 3]
_ [1 0]
01
AA? =]
The given matrix is unitary is proved.
(c) Ifx=uv &y=% provethatJJ1 =1 [3]
Ans: Xx=uv and y=,
x and y are function ofuand v.
X .
Su=/xy  sv= 5 { from given eqns }
vV u
I=|;c," ;c,"=_ = 2o )
u v v v2
Wy %
U, u 2Vx 2y Y _-v
1 _ | Y| — — —
J Uy vy‘ 1 Vx| 2, /xy T 2u 2)
2/ 2y
1 _ 24TV
]] T v 2u
oo ]]1 = 1
Hence Proved.
dz 2
i . [3]

d) Ifz =tan‘1(§), where x=2t, y=1-t?, prove that rriawy




Ans: Z =tan‘1(§) x=2t and y=1-t2
~ zis the function of x and y & x and y are the functions of t.
z — f(x,y)—f(t)

. _ -1 2t
cz=tan" (;—;

Direct differentiate w.r.t t,
dz _ 1 a ( 2t )
dt 1+(£)2 dt \1-¢t2

2(1-t%)? 1

1
T (1-t2)2+4¢2 [ "(1-t2)?2 (=20) + 1-t2 x1]
_ 2(1-t%)? 1
1+t2 (1-t%)2
Ldz _ 2
Tdt T 1+4¢2

Hence Proved.

(e) Find the nth derivative of cos 5x.cos 3x.cos x.

Ans: let y= cos 5x.cos 3x.cos x

cos (5x—3x)+cos (5x+3x

= cost Jroot g ) cosx

2

1

=3 [ cos 2x.cos x + cos 8x.cos x |
1

y =3 [ cos 3x + cos x + cos 9x + cos 7x ]

Take n th derivative,

n th derivative of cos (ax + b) = a™cos (% + ax + b)

[4]

Vn = % [ 9cos (nz—” + 3x) + cos (nz—” + x) + 81cos (nz—” + 9x) + 49cos (nz—” + 7x)

1
(f) Evaluate : lin(}(x)l_—x
xX—

[4]




1
Ans: Let L= lim(x)1-=

x—0

Take log on both the sides,

log x

~logL= lim

x—»0 1—x

Apply L’Hospital rule,

.1
--logL—!rl_r)%;

~L=e%=1

Q.2(a) Find all values of (1 + i)1/3 & show that their continued
Productis (1+i).
Ans: let x=(1+i)1/3
x3 = 1+i=\/§(\%+\/i§)
x3 = V2[cos %+ isin %]
Add period 2k 7,
x3 = \/E[cos(% + 2km) + isin (% + 2km)]
By applying De Moivres theorem,
x= 2v2[cos (T +2km) +ising (% + 2km) ]
where k =0,1,2.
Roots are:
Putk=0 x, = Zx/fe%
Putk=1 x, = 2v2e'

17m

Putk=2 x, =2v2e'1z

[6]




The continued product of roots is given by,

17

xoxlxz—Z\/—elzxzx/_elz x 2v/2e' 1z

271

=16 V2e'1z
1 i

= V2GR

= 1+i

The continued product of roots is (1+i).

(b) Find non singular matrices P & Q such that PAQ is in normal form

2 -2 3
Where A=|3 -1 2 [6]
1 2 -1
Ans:  Matrix in PAQ form is given by,
A=PAQ
1 00 00
0 1 0|4 1 0
—1 0 0 1 01
Rl—)Rg,
1 2 -1 0 0 1 1 00
3 -1 2|=|0 1 0|4|0 1 O
2 -2 3 1 0 ol lo 0o 1
R; — 3Ry, R3 — 2Ry,
1 2 -1 0O 0 1 1 0 0
[O -7 5 |= [0 1 -3[{4|0 1 0]
0 -6 5 1 0 -2 0 0 1

C, —2C1,C3 +C4,




1 0 O 0 0 1 1 -2 1
lO -7 5] = lO 1 -3[(4|0 1 0]
0 -6 5 1 0 -2 0O 0 1
G
1 0 O 0O 0 1 1 -2 1/5
0O -7 1|=10 1 -3(4|]0 1 0
0 -6 1 1 0 -2 0O 0 1/5
C, + 6C;,
1 0 O 0O 0 1 1 —-4/5 1/5
0 -1 1|=10 1 -3|4]0 1 0
0O 0 1 1 0 -2 0 6/5 1/5
C3; +C,,
1 0 O 0O 0 1 1 —-4/5 -3/5
0 -1 0/=]0 1 -3|4]0 1 1
0O 0 1 1 0 -2 0 6/5 7/5
-R,,
1 0 0 0 O 1 1 —-4/5 -3/5
0 1 0o[=|0 -1 3[4]0 1 1
0 0 1 1 0 -2 0 6/5 7/5
Now A is in normal form with rank 3.
Compare with PAQ form,
0 O 1 1 —-4/5 -3/5
P= [0 -1 3 ] Q= [O 1 1 ]
1 0 -2 0 6/5 7/5

(¢) Find the maximum and minimum values of
f(xy)=x3 + 3xy? — 15x% — 15y% + 72x [8]
Ans: given: f(xy)=x3 + 3xy? — 15x% — 15y% + 72x




fr=3x>+3y*—-30x+72 f,,=6x—30
[y = 6xy—30y fyy = 6x—30
fxy =6y
To find stationary values :
fr=3x*+3y*-30x+72=0 & f,=6xy—30y=0
y=0 or x=5
for y=0, x=6,4
~ (xy)=(6,0), (4,0).
For x=5, y=1,-1
~ xy)=05,1),(5,-1)
Stationary points are : (6,0),(4,0),(5,1),(5,-1)
(i) For point (6,0),
r=f,=36-30=6, s=f,, =0, t=f,, =6
rt-s>=36>0 and r=6>0
function is minimum at (6,0).
fmin = 108
(ii) For point (4,0),
r=fux=6,5=fy, =0, t=f,, =6
rt-s>=36>0 and r=-6<0
function is maximum at (4,0).
fmax = 112
(iii) for point (5,1) and (5,-1),

Thr points are neither maximum nor minimum.

~ The maximum and minimum value of function are 112 and 108.




_fYTx X 20u  20u  p0u
Q.3(a) Ifu-f(xy,xz),showthatx ax+y 3 z aZ—O. [6]

Ans : let u = f(r,s)
—-X zZ—X
r= y— = —
Xy Xz

du _ duoadr auas_au1+ (

dx odrdx 09sdx 9drxZ  ds “x2
dou Odudr | duds _ au( 1) (0)
ay ~ or dy 0s 6y ar y?2 Bs

o ougr , ouds oy ou 1
dz odrdz 9sdz s “z2

2 0u 2 0u 20u  du Odu OJdu , du
X" — —TZ " ——= —————— T
6x+y 6y+ dz Or as ar ds
Zau Zau Zau H
= n roved.
0x+y0+ 5 =0 ence proved

(b) Using encoding matrix [(1) ﬂ ,encode & decode the message

“MUMBALI". [6]
Ans: Encoding matrix: A= [;

Message is : MUMBAI

The given message in matrix form is :
M3 13 1
B=| ]

121 2 9
Encoded message in matrix form is given by,
C=AB
=[1 1] 13 13 1
0 1121 2 9
. C = [2411 125 190]




Encoded messageis: 34 21 152 109
GUOB]JI
Decoded matrix is given by,
B=4"1lcC
_[ —1] [34 15 10]

=1 % o

Decoded message : MUMBAI

~ B

(c) Prove that log[tan(g + %x)]=i.tan‘1(sinhx) [8]

Ans: LHS = log[tan(;—r+i?x)]

1+tan (%x)]
1-tan (%x)

log [

= log[1+ tan ()] -log [1 — tan ()]
= log [1+i.tanh§] — log[1-itanh g]
We have,
log (a+ib)=_log(a® + b?) + itan™1(>)
= %log (1 + tanh? E) + itan~1 (tanh g) - [% log (1 + tanh? E) —itan1 (tanh g)]
= 2i[tan~1 (tanhg)]
LH.S = 2i.tan™1 (tanh E)
RHS =itan"!(sinhx)
We know that sinh™1x = log(x + V1 + x2)

1y =1 X+l
tanh™ x = . [log(1 x)]




= ijtan! (tanh E)
Also sinh™!(tanx) = tanh™1(x)

RH.S = i.tan™! (tanh g)

log[tan(§ + i;x)]=i.tan‘1( sinhx)

Q.4(a) Obtain tan 50 in terms of tan 6 & show that

- 2 X 4 X _
1-10tan®  + Stan™ =0 [6]
Ans: we have tan 560 = sin 36
cos 50

(cos 8 +isin@)" = cosnb + i sinnf
Putn=5,
~ €0s 50 +isin 50 = (cos 0 + i sin 0)°
= c05°0+5c0s*0.isind + 10cos30. (isind)?
+10co0s?0. (isin@)3 + 5cos0. (isin@)* + isin>0
= [c0s>0 — 10cos30. (sinh)?
+ 5cos0. (sin8)* | +[5co0s*0.isind
- 10icos?0. (sinB)3 + isin°0]
Compare real and imaginary parts
cos 50=[cos°0 — 10cos30.(sind)* + 5cos0. (sinf)*
sin 50 = +[5c05*0.sind — 10cos?0. (sinf)3 + sin0 |

[5cos*6.sin6—10cos?0.(sin6)3 +sin>0 ]

tan 50 =
[cos50— 10co0s30.(sinB)%+ 5cos0.(sind)*
tan 50 = 5tan6—10tan30+tan>0
~  1-10tan?0+5tan*@
n
put 6 = —

10




- 2 X 4 X _
1-10tan 10+5tan o 0

(b) If y=e™" " * Prove that

1+ x)ynsz + 2+ Dx = 1]ypsg + n(n+ Dy, =0 [6]
Ans: y=etan ' —)
Diff. wrt x,
yy = etan e L
(xX2+1y,=e® *=y (from 1)

Again diff. wr.t x,
X2+ DY, +2XY1 = Y1 eeeeererinnns (1)
Now take n th derivative by applying Leibnitz theorem,
Leibnitz theorem is:
(uv), = u,v+ 1Cu,_1v{ + 5Cu,,_,v, + -+ uv,
u = (x* + 1),v = y, ..for first term in eqn (1)
u=2x,v=y, ...for second term in eqn (1)

(1 + xz)yn+2 + Z(n i 1)xyn+1 + n(n + 1)yn —Yn+1 = 0

A+ XDy 2+ Dx— 1]y +n(n+ 1)y, =0

Hence Proved.

(c) i.Express (2x3 + 3x% — 8x + 7) in terms of (x-2) using Taylor’s
Series. [4]




3 5

ii. Prove that tanlx = x—%+x?+ [4]
Ans: i. let f(x)=2x3+3x%2—-8x+7
Here a=2

f(xX)=2x3+3x2-8x+7 f(2)=19
f'(x) =6x*+6x—8 f'(2) =28
f'(x) =12x+6 £(2) = 30
") = f"(2) = 12

Taylor’s series is :

fx)=f(a)+ (x—a)f'(a) + %f”(a) F ..

—2)\2 _.N\3
2x% +3x2 - 8x+7 = 19+ (x - 2)28 + 552230 + 512

2x3 +3x*—8x+7 = 19+28(x—2)+15(x—2)?2 +2(x—2)3

ii, le¢ y=tanlx

diff. w.r.tx,

1
Y1 =

T x2+41
Series expansion of y,,

We know that,

1
—=1-x+x-x3+ -
1+x

yi=1—x% +x*—x°

Integrate y, to find series expansion of y,

cy=f(1-x*+x*—x+-)dx




3 5
X X

., _X'_+_'...

y 3 5

Hence Proved .

Q.5(a) If z=x? tan‘li — y? tan‘1§ d

2
Prove that

0°z x2—y2

Ans: z=x2tan"1

Diff. w.r.t. x partially,

9z o, x*

y 2 -
- — tan " -
x y y

dydx  x2+y?

1x

y2

[6]

3y2

-y -1 2
= X—=+tan "= .2x — X =
ox xZ+y2 " x2 x y x2+y2 "y
2 3
x -y _1x y
= X —= 2xtan” - — ——
xZ+y2 1 + y  x2+y?
Diff. w.r.t y partially,
9%z 2 [ 2y 1 ] x? 3 2y
= —Xx“|—Yy. + — =y~ +
dyox y (x2+y2)2  x2+4y2 xZ+y2 [ y (x2+y2)2
_ [ 2y3x2 _xZ ] xZ 2y4 3y2
T T (a24y2)2 T x2492 x2+y2 | (x24y2)2  x2+4y2

(xz_yZ)Zx (x2+y2)1

(x2+yH)? (x2-y?)!

x2_y?
x2+y2

9%z x2 —y2

dydx  x2+y2

Hence proved.

]

x2+y2

(b) Investigate for what values of 4 and A the equations :2x+3y+5z=9
7x+3y-2z =8
2x+3y+Az=u

Have (i) no solution (ii) unique solution (iii) Infinite value

Ans: Giveneqn:

2x+3y+5z=9

[6]




7x+3y-2z =8

2x+3y+Az=u
AX=B

2 3 571mx11[9

7 3 -2 [y]=8

2 3 Allzl u
2 3 5|9
Argumented matrixis: |7 3 —-2| 8
2 3 A | U

R; — R,

2 3 5 6
- [7 3 -2 4
0 0 A-5| u—9

() WhenA=5,u+9 thenr(a)=2,1r(A:B) =3
r(A)~r(A: B)
No Solution.

(i) WhenA#5,u+9,r(A)=r(A:B)=3
Unique solution exist.

(iii) WhenA=5,u=9 r(A)=r(A:B)=2<3
Infinite solution.

(c) Obtain the root of x3 — x — 1 = 0 by Newton Raphson Method
(upto three decimal places).
Ans : Equation: x3—2x—-5=0
~ fx)=x3-2x-5
f(0)=-5<0 and f(1)=-2<0and f(2)=7>0.

[8]




Root of given eqgn lies between 1 and 2.
f(x) =3x*+2
Let take xy = 2

_ _ f(x0)
1= %o f' (xo0)

Next iteration :

For next iteration :

. _ B ic) _
. Xg = X3 f_’(X3) =1.329

= 1.3283

The root of eqnis x=1.3283

Q.6(a) Find tanhx if 5sinhx-coshx =5

Ans : 5sinhx-coshx =5
But sinhx=‘—% coshx = 2 Ze_
: 5[e —e_]_[e +e_]=5

2 2

~ 5e¥—5e*—-e*—e*=10

4e%**—10e* -6 =0

£(1.329)
f'(1.329)

[6]




Rootsare: e*=3,e* =—

1
eX—e™% —3)t2 -3
~ tanhx = —— _)2_ s
e*+e™* -5/2 5

Or

ef—e™* 3-1/3 4
~ tanhx = = = -
e*+e™* 3+1/3 5

4

5

-3
The values of tanhx are : = or

(b) 1fu=sin"1(

x+y : _1
\/}+ﬁ),Prove that i.xu, +yu, = 5 tanu

—sinu.cos2u

il X%y + 2XYUL, + ViU, = " 4cosdu (€]

Ans : u= sin‘l(\/;:}})

Put x=xt andy=yt to find degree.

»u=sin~1 (222
T Vat+ [yt

x+y

» sinu= tl/z.m = t%-f(X,}’)
The function sin u is homogeneous with degree ..
But sin u is the function of u and u is the function of x and y.
By Euler’s theorem,

xu, + yu, = G(u) = n.%= %tanu

1
“ XUy + yu, = > tanu

v XUy, 4 2XYUL, + YRy, = G(W)[G'(w) — 1]

secu-2

= Ltan uf
2

]




2u-1
tanu[tanlu ]

=

1 sinu sinu—cos®u
X [ >
4 cosu cos“u

]

2 2 _ —Ssinu.cos2u
X Uy + 2XyU,, + YUy, = T acodn

Hence Proved.
(c) Solve the following system of equation by Gauss Siedal Method,
20x+y-2z=17
3x+20y-z =-18
2x-3y+20z=25 [8]
Ans: By Gauss Seidal method ,
Giveneqn: 20x+y-2z=17
3x+20y-z =-18
2x-3y+20z=25
Fromgivenegqn: |20|>|1]|+]|-2]|
|201>]3]+]-1]
|201>]2]+]-3]
The given eqn are in correct order.
3 x:%[17—y+2z]
£y =5-[-18 - 3x+7]
v Z =%[25—2x+3y]
1) For 1*titeration: takey =0,z=0

x =—[17] = 0.85
20




x=0.85,z=0 gives y=—-1.0275

x=0.85y=-1.0275 gives x3 = 1.0109
1) For 2" iteration : takey = —1.0275,z = 1.0109

X = % [17 +1.0275 - 2(1.0109)] = 1.0025

x=1.0025,z=1.0109 gives y=—0.9998
x=1.0025y =—-0.9998 gives z = 0.9998
)  For3"iteration: y = —0.9998,z = 0.9998

Xy = % [17 + 0.9998 + 2(0.9998)] = 1.00

x=1.00,z=0.9998 gives y=-1.00
x=1.00,y=-1.00 gives z=1.00

Result: x=1.00,y=-1.00,z=1.00
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Q.1) Answer the following

3i
1a) Separate into real and imaginary parts of cos'l(z).
3i
Ans. Leta +ib = cos'l(z) (1)

] 3i
.. cos(a+ib) =—
4

. : o 31

.". cos(a)cos(ib) — sin(a)sin(ib) = "

3
cos(a)cosh(b) — isin(a)sinh(b) = O+Zl {*+ cos(ix)=cosh(x), sin(ix)=sinh(x);}
Comparing Real and Imaginary terms on both sides,

3
cos(a)cosh(b)=0 ..(2) & -sin(a)sinj(b) = " wr(3)
From (2), cos(a)=0 or cosh(b)=0,

T
L a=— ..(4)

2
From (3) & (4), -sin(g)sinh(b) =%

. . —3
. 1.sinh(b) =

E sinh'l(_T?))

Dec 2017

(20 marks)

(3 marks)
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-log () +

| 1
=|log—
g2

=log2™*
."b =-log2 ....(5)
Substituting (4) & (5) in (1), cos'l(%i) = g —ilog2

Comparing Real and Imaginary terms on both sides,

Real part= a=

N 1A

Imaginary part = b =-log2

+iy —B+id

e |«
1b) Show that the matrix A is unitary where A = [ﬁ +is a—iy

is unitary if

By +6% =1 (3 marks)

Ans: Az[a +iy —f+ 15]

p+i6 a-—iy

,AT_[a'+iy ﬂ+i6]
YT+ i5 a-—iy

0T [a—iy ,B—iS]
-4 _A_[—,B—k? a+ iy

Given, A is Unitary

L AA%=1
,[a+iy —,B+i5]x[a—iy ,B—iS]_[l 0
IB+is a—iy [T[-p—-i5 a+iy]llo 1

[let+iy)(a—iy) + (=B +i6)(=p —i8) (a+iy)(B—id)+ (=B +id)(a+ i)/)]:[l o
B+id)a—-iy)+(a-iy)(=f—i6) B+iH)B-id)+(@—-iy)a+iy)l 0o 11~
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Consider,
(a+iy)(a—iy)+ (=B +i6)(—B — i6)=a%—- iV + B2 - 6

(a +iy)(a —iy) + (=B +18) (=B — i8)= a’+B’+y*+6”

And, (a+iy)(B —i8) + (=B +i8)(a + iy)=(aB — iad + iBy — i’y8) + (-ap — iBy +iad + i’y8) =

Similarlly,
(B +i8)(a—iy) + (@ —iy)(=B —i6)=0

(B +i8)(B —i8) + (a — iy)(a + iy)= o*+p*+y*+8
Substituting (2),(3),(4)&(5) in (1),

a?+ % +y?+ 52 0 ]_[1 0]
0 a?+p2+y?2+621 1o

Comparing corresponding terms, we get,

o +BAy2+8%=1

%z %z
32 then show that — = az—

1c) If z = tan(y + ax) + (y - ax) axz " gy2

Ans: z=tan(y +ax)+(y- clx)3/2

d 3
Differentiate partially w.r.t.x, £= secz(y +ax)-a+ E(y - ax)l/z-(—a)

. 0z 2 3a 1/2
S.—=asec(y + ax) - —(y - ax
P (v +ax)-—{y - ax)

Again, differentiate partially w.r.t.x,

2

ox 2

= 2a’sec’(y + ax)- tan(y + ax) - —a (y ax)’ 12

e [Zsec (y + ax) tan(y + ax) — —(y —ax) ]

d 3
Differentiate (1) partially w.r.t.y, £= secz(y +ax)1+ E(y - c:x)l/2

2

d 3
Again, differentiate partially w.r.t.y, ﬁ= Zsecz(y + ax)- tan(y + ax) - Z(y - ax)'l/ 2

Dec 2017
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9%z  ,0%z
From (2)&(3), Pk a 3y2

1d) If x=uv, y=%. Prove that JJ’=1.

Ans:  x=uv (1)
dx
Xy= g—z =v and Xy = _v =u .(2)
u
And, y= ; (3)
. dy 1 dy -1
_yuzazg and yvzazuv—2 ...(4)

_0xy) _ |xu Xy
o) I W

= Xu Yv-Xv Yu

-1 1
=VU—Z - U= ..(From 2 & 4)
v v

-u

(% v

-2U

v
R RAY, ...(5)
From (3), u=vy ..(6)

Substituting ‘u’ in (1) we get, x= (vy)v

x
Z_\2
y

Vx
Lv=— =x1/2y1/2 (7)

y
1 -1

vy = y'l/z'z x 2 and Vy = x1/2-7 y >/ ..(8)

From (6) and (7), u=(x/2y~1/2)y

LU= xl/zyl/2

Dec 2017
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. 1/2 1/2 1 -1/2
U=y’ and Uy =X -Ey ..(9)
d(u,v) juy uy|
Ca(xy) IVx Wy
= vay - UyVX
_ -1 _ _ _ 1 _
_ (y1/2 L 1/2) (x1/2 y 3/2) _ (x1/2 =y 1/2) (y 1/2 . 7 X 1/2) ..(From 8 & 9)
-1 1,1 13 -1 11 -11
=—x 2 2-y2 2 -TxZ Z-yZ 2
-1 1
N e |
4 4 Y
_72 1
4
Joot 10
=% ...(10)
, -1
From (5) and (10), J-J'=-2y —
2y
s =1
h i
1e) Find the n*" derivative of —— . 4 marks
) (x+1)(x-2) ( )
x3 x3

Ans: Let y = =
y (x+1)(x—=2) x2—x-2

Xx+1
Consider, x?> —x — 2 >x3 +0x?+0x+0

x3 —x? —2x

X2 4+2x+0
x> —x—=2
3x+2

3x+2

Soy=x+ 14—
¥ x2—x-2
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o 3x+2

Y D -2)
1/3  8/3

(x+1) (x-2)

Soy=x+1+4 (By Partial Fraction)

Taking n™ order derivati osoet LD 8 ot 17 (DT
aking n- oraer derivative, =0+0+— - +-—-
g Yn 3 (x+1)n+1 3 (X—Z)n'l'l

1 _ nla™(-D"
{Ify " ax+b then In = (ax+b)"+1}

_nl(-)" [ 1 8 ]
¥n = 3 (x+1)n+1  (x-2)nt1

1f) Using the matrix A = [:} ﬂ decode the message of matrix C = [_44 141 192 :Z

(4 marks)
Ans: Encoding Matrix A = [:i ﬂ (1)
. 74 11 12 =2
Given, C= [_4 4 9 —2
Step 1:

Writing the numbers in C matrix column wise gives the encoded message.

.. Encoded Message =4 -4 11 4 12 9 -2 -2

This Encoded message is transmitted.

Assume there is no corruption of data, the message at the receivingendis4 -4 11 4 12 9 -2 -2

This message is decoded

Step 2;

1 [d -b
We know, if P = [Ccl Z] then P1=— [ ]

Pll—c a
From (1), |Al=-1+2=1 (2)
4 11 =2
.". Decoding matrix A~ = I 1 1 (From 2) ..(3)
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4 11 12 -2

1~ _ 1 -2
From (2) & (3), A C_[l _1]X -4 4 9 =2

.K%=P+8in—8 12—-18 —-2+4
o 444 11-4 12-9 —-2+42
.. 12 3 6 2

"AC'[8 7 30
Step 3:

Considering the numbers column-wise we get,

12837-6320

Decoded Message =12837-6320or [12 3 6 2]

8 7 3 0

Q.2)
2a) If sin*0cos’0 = acosO + bcos30 + ccos50 + dcos70 then find a,b,c,d.
. eiB_e—iB ei6+e—i9
Ans: We know, sin@ =————— and cosf =——— (1)
21 2
' W L elf_emi0  Lifyo—if
Consider, sin"Bcos™0 = - X (From 1)
21 2
1 . . , . ; ,
— Syever X (ela _ e—LG)(ele _ e—16)3(ele + 8—19)3
1 . . . ,
=~ x (ei® — ei9) [(ela)z r (e“9)2]3
1 . . . a3
— ? X (ela _ e—LG)[(eZLH) ™ (8—216)]
1 , ! , . , . . ;
= X (ei® — ei0) [(e2‘9)3 _ 3(6219)2(8—219) + 3(6219)(6—219)2 _ (8—219)3]
=i X (eie - e—ie) [e6i6 _ 30210 4 3p-2i0 _ e—6i6]
27
=i X [e7i9 _ 3€3i9 + 38—i9 _ e—5i9 _ eSiH + 3ei9 _ 39—31'9 + e—7i9]
27

1 1 1 1
=—— x2c0s70 -—— x 2c0s50 - —— x 6c0s30 + —— x 6co0sO
128 128 8

[(e7i0 + e—7i9) _ (eSiB + e—5i6) _ 3(631'9 + e—3i9) + 3(61'6 + e—iﬁ)]

Dec 2017

(20 marks)
(6 marks)




APPLIED MATHEMATICS-1

Dec 2017
4 5. 3 3 1 1
.".sin"Bcos 0 = —coso - acos38 -—c0s50 + —cos70 -(2)
But, given, sin*Bcos = acosO + bcos36 + ccos50 + dcos70 ..(3)
C ing (2) & (3 S atglt
omparing (2) &(3), |a=_" b=ric=rid=—

2b) Using Newton Raphson method solve 3x — cosx — 1 = 0. Correct upto 3 decimal places.
(6 marks)
Ans: Let #(x) =3x—cosx—1
Sf(x) =3 +sinx-0
When x =0, £(0) =3(0) —cosO—-1=-2
When x =1, 7 (1) = 3(1) — cos1 — 1 = 1.4597
.. Roots of 7 (x) lies between 0 and 1.

Let initial value xg=0

f)
By Newton-Raphson’s Method xp4+1 = X, - %
X

3xp—cosxy—1
=X LT
3+sinxy,

Xn(3+sinx,)—(3xy—cosx,—1)

3+sinxy,

3xXp+xXnSinxy,—3xp+cosxy+1
3+sinxy,
XpSinx,+cosxy+1

e Xpaq = (1
n 3+sinxy, (1)

Iteration 1: Putn=0in (1)

. XoSinxg+cosxg+1 0+cos0+1
- X1 = ; = ; =0.6667
3+sinxg 3+sin0

Iteration 2: Putn=11in (1)

X1Sinx;+cosx1+1 0.6667sin(0.6667)+cos(0.6667)+1
Xy = - = - =0.6075
3+sinx, 3+sin(0.6667)
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Iteration 3: Putn=2in (1)

. X5S8inx,+cosx,+1  0.6075sin(0.6075)+c0s(0.6075)+1 0.6071
. X2 = = =0.
3 3+sinx, 3+sin(0.6075)

Iteration 4: Putn =3in (1)

. X3Sinxz+cosxz+1 0.6071sin(0.6071)+co0s(0.6071)+1
0.6071
- Xg = = =0.
4 3+sinxs 3+5in(0.6071)

Hence, Root of 3x —cosx—1=0is 0.6071

2¢) Find the stationary points of the function x*+3xy*-3x*-3y’+4 & also find maximum and
minimum values of the function. (8 marks)
Ans: Let £(x,y) = x>+ 3xy’*- 3x°- 3y*+ 4 (1)

.‘.fX=3x2+3y2-6x—0+0

Sor=fFw=6x-6 (2)

Also, £y=0+6xy—0-6y+0

Sot=fyy=6x-6 (3)

Sos=fy=0+6y-0 ..(4)
Put /=0 and 7y, =0

S3x%+3y°-6x=0

St +yi-2x=0 ...(5)
And, 6xy—6y=0
Soey(x-1) =0

S.y=0o0r x=1

Case |l : Whenx=1
From (5), 12 +y*—2(1) =0

SoyP-1=0
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Case ll: Wheny=0
From (5), x> +0—2x =0
SoxX(x-2)=0

S.ox=0 or x=2

.". Stationary points are (1,1);(1,-1);(0,0);(2,0):

(i)At (1,1)
From(2),r=6(1)—-6=0

.. f is neither maximum or minimum at (1,1)

(ii)At (1,-1)
From(2),r=6(1)—-6=0

.. f is neither maximum or minimum at (1,-1)

(iii)At (0,0)

From (2),r=6(0)—6=-6<0
From (3),t= 6(0)—-6=-6
From (4),s=6(0) =0
Sort—s?=(-6)(-6)—0=36>0
'+ # has maximum at (0,0)
From (1), Maximum value of 7

. £=(0)° +3(0)(0) - 3(0)> - 3(0)* + 4 = 4

Dec 2017
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(iv)At (2,0)
From (2),r=6(2)-6=6<0
From (3),t= 6(2)-6=6
From (4),s=6(0)=0
Sort—s?=(6)(6)—0=36>0
'+ # has maximum at (2,0)
From (1), Minimum value of 7
SF=(2)° +3(2)(02-3(2)° - 3(0)° +4=0
Hence the function has
Maximum at (0,0) and Maximum value = 4
Minimum at (2,0) and Minimum value =0
Q.3) (20 marks)
x%  7xt
3a) Show that xcosecx=1+—+—+... (6 marks)
6 360
Ans: LHS = xcosecx
X
~ sinx
X
- x3 x5 x7
ERETRTTY
X
- x2 x4 x6
X(l— ?'F?— 71 )
-1
x2  x* | x®
[ G55--)
x2  x* | x® x2  xt, x6 g _
=1+(§_ﬁ+ﬁ_ >_|_ (?_ﬁ-l_ﬁ_ ) + .- { (1—}/) 1 1+y+y2 _|_y3+...}
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2 x4-
= —_—+—
6 360
. x?  7x*
C.xcoseex=1+—+—+
6 360
3b) Reduce matrix to PAQ normal form and find 2 non-Singular matrices P & Q.
1 2 -1 2
2 5 -2 3 (6 marks)
1 2 1 2
Ans: Azya = I3x3 X Azxa X laxa
1 000
[12—12][100 0100
2 5 =2 3|=(0 1 O|A
12 1 2l lood (0010
0 001
1 00O
1 2 -1 2 1 0 O 0100
R2—2R1;R3—Ry; - 01 0 -—-1|=[-2 1 0]A
o0 2 o0 -1 01 |0010
0 0 01
1 -2 1 2|
100 011 00] [g 1 0 o
C2-2C1;C3+C1;Cs—2C1; = 0 1 0 —-1|=|1-2 1 Of|A
o002 ol l-1 0 1 |0 1
0 0

CotCaile 9[3?88“123’8]“01
4+ C2;-Cs =|-
2 0010 -1 0 1l |0 0 12
0 0 0 1
LHS is the required PAQ form .
1 -2 1/2 -4
1 00 01 0 1
Here, P=|—-2 1 0] and Q=
1 0 1 0 0 1/2 0
0 0 0 1
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3c) If y=cos(msin™x). Prove that (1-X*)yn.2 — (2n+1)Xyp.1 + (M*-n%)y, = 0.

Ans:y = cos(msinx) (1)

1
Differentiating w.r.t. ‘X, y1 = -sin(msin™x)-m-
g Y1 ( ) Vi—x2
V1 — x2-y1 = - msin(msin-1x)
On Squaring, (1-x*)y1*=m’sin’(msin'x)

S (1-x%)y2=m? [1 = cos?(msin~1x)]

(15)yi2=m? [1 = y2] (From 1)

Again differentiating w.r.t. X, (1 —x%)2y1y + y1% (-2x) = m%(0 — 2yy1)

S (1=x)y2—xyp = -m’y (Dividing by 2y;)

Applying Leibnitz theorem, {y, = u,v + nu,_1v; + "Coty_yv; + "Catp_3v5 + -+ }

-1
(1 = )iz + 1(=200ym1 + 252 - [naa + 13] = -my,

n(n-1)
2!

(1 - XZ)Yn+2 + n(_zx)yn+1 + " XYn+1 — NYn + mzyn =0

N xz)yn+2 — XYn(2n+1) + (-n2 +n—n+ mz)yn =0

(1—x2)yn+2 —(2n+1)Xypn41 + (mz—nz)yn =0.

Q.4)
4a) State and Prove Euler’s Theorem for three variables.

Ans: Euler’s theorem:

Dec 2017

(8 marks)

(20 marks)

(6 marks)

Statement: If ‘u’ is a homogenous function of three variables x, y, z of degree ‘n’ then Euler’s theorem

States that

ou ou ou

— — Z_ —_—
X ox + yay + py nu
Proof:

Let u = £(x, y, z) be the homogenous function of degree ‘n’.
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LetX=xt,Y=yt, Z=1zt

R g g 0

PR

Att=1, 2)

X=x,Y=vy,Z=2

oo o _or or_ 0y 5

"ax  oax’ ay oy’ 9z oz
..(4)

Now, #(X,Y,Z)=t"#(xy,2)

'.‘f 9 Xerzexlyert
of 0x ~ 0f 0y Of 0Z i
f. f. _f._=ntn 1f(x’y,z)

Differentiating (4) partlallyw.r.t.t,a—X 5t Tar 2t 3z aa

O OO
iy x+ay y+az z=n()" " f(x,y,2) (From 1,2 & 3)

. Ju ou ou __
. xa+y@+zg—nu

2k+1
4b) Show that all roots of (x + 1)° + (x - 1)® = 0 are given by -icot% where k=0,1,2,3,4,5.

(6 marks)
Ans: (x+1)°+(x-1)°=0
Sx+1)°=-(x-1)°
C (e+1)®
C(x-1)6
x+1\8 . .
(E) =e'™ { e'™ = cosm + isinm = —1+i(0) = —1} (Principal value)

6
x+1 .
(_) = el(m+2km)  y=01 2 3,4,5 (General Value)

x—1
x+1 .
I - pim(1+2K)/6 ..(1)
x—1
m(1+2k)
— (2)

Let 20
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x+1 .
. From (1) & (2), — = %%
x—1
- 4o — Dividend (x+1)+(x—-1) ei2041
C omponendo — endo, = —
Y P ! (x+1)—(x-1) ei20—1
2x etfeif+e~10]
P elf[eif_c-i0]
2cos0 ; elf_g—ib elf ye—io
X =— { sin@ = ——— and cosf = —}
2isin@ 21
1
. X=—cotO
i
) . (@2k+1)n
. x=-Icot———— | (From 2) where k=0, 1,2, 3,4,5

4c) Show that the following equations: -2x+y+z=a,x-2y+z=b,x+y-2z=chaveno

solutions unless a +b + ¢ = 0 in which case they have infinitely many solutions. Find these

solutions when a=1, b=1, c=-2. (8 marks)

Ans: Part |:
-2x+y+z=a
X-2y+z=b
X+y-2z=c

Writing the equations in the matrix form,

= i

1

-2 1 1]rx a

Rs+(R1+R;) > [ 1 =2 1]- yl=l b ] (1)
0 0 0O

-2 1 1] a

Augmented matrix [A|B] = [ 1 -2 1 b
0 0 Ola+b+c

Number of unknowns=n =3

Rank of A (ra) = Number of non-zero rows in A =2
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Case I: No Solution
For which, ra < rag
This is only possible, when ‘a+b+c#0’ upon which,

Rank of [A|B] = (ras) =3

Case ll: Infinite Solution
For which, ra=rag<n (i.e. < 3)
This is only possible, when ‘a+b+c=0" upon which,

Rank of [A|B] =rag =2

Partll: Puta=1,b=1,c=-2,in (1)

-2 1 1]x 1

[1 -2 1 -lyl= 1

0 0 o1tz! 1o
-2 1 1]x 1

R2—Ry; > [3 -3 0]- yl= 0 ..(2)
0 0 oltzd 1o

Here,n—r,=3-2=1
We have to assume one unknown.

Lety =t (#0)

On expanding (2),3x—-3y =0
“x-y=0

Sox=y=t

And, -2x+y+z=1
Se2t+t+z=1

Soz=1+4+t

Hence, the solution is

x=t,y=1,z=1+t (Infinite Solution)
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Qs)
2 2 2 2
. dz dz _ (0z 1 /0z
5a) If z=f(x.y). x=r cos 0, y =r sin 0. prove that (ax) + (ay) = (ar) + 2 (00)
(6 marks)

Ans: x=rcosB andy=rsin0 (1)
Diff tiati tiall t. ‘0. 9x ea—y— 0; 2

ifferentiating partially w.r. EY: =-rsin 50 rcos (2)
Diff. tiati tiall tr ox_ e-a—y— in@ 3

ifferentiating partially w.r.t.” r’, ar—cos ; ar—sm (3)
Now,z > x,y—>r, 0

y Chain Rule, or ox ar ay 6r
Y. ~ ,
--ar—cos ax+sm 3y (From 3) ..(4)
Similarly. By Chain Rul 62_62 ox 0z O0dy

imilarly, By Chain Rule, = axxae ayxa‘9
. 0z 0 0z + 0 0z ‘ 5 .

‘30 =-rsin o rcos 2y (From 2) ..(5)

0z 1 [0z 2
RHS = (ar) +rz(£)

0z 92\ 2 1 0z 92\ 2
= (cose — + sin@ —) F%— (— rsin@ — —+ rcos® —) (From 4 & 5)
0x oy 2 0x oy

2 2 2
= c0s%60 (a_z) + 25in0°% . cos0 2 + sin?0 (6_2) + sin?6 (Q) — 25in0%% cos0 2 +
dx dx ay ay ox x ay

0z 2
cos?6 (—)
ay

(Zx)z (cos?0 + sin?0)+ (Zy) (cos?0 + sin’0)

() +()
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= LHS

0z 2 0z 2 0z 2 1 [0z 2
Hence, (a) +(5) —(5) +rz(£)

5b) If coshx = secB prove that (i) x = log(secB+tan®). (ii) 9=§tan'1(e‘x)

Ans: (i) coshx = secB

eX+e™* X p—X
’ =secHO { coshx = € -|-2e }

coeX + e—lx = 2secl
~(e¥)? 4+ 1 = 2seche”
~(e¥)? —2secfe*+1=0

x 2secO+V4isec20—-4 . —b+Vb2-4ac
e’ = > Usmg,x = T

oX — 2secO+./4(sec?6-1)
2

x 2secO+2tanf
¥ =
2

. e¥ =secH + tanb
Considering only positive root,
. e* = secl + tanf

. x = log(secB+tanB)

1 sin@

cos@ cos@

(ii) From (1), * =

. _x _ 1l+sin6
et =
cos@
1 cos@

“eX  1+sin@

(1)

Dec 2017
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_ sin(g—e)
s e = 7
1+cos(5—9)
Puta=§— 6 (2)
—x sina
o 1+cosa
— 2sin(a/2)cos(a/2
e X = (@/2)cos(a/2) {~ 2sinAcosA = sin24; 1 + cos2A = 2cos?A}
2cos?(a/2)
~eX =tan (g)
2

~tan~(e 1) = %
~2tanH(e™) = a

s 2tan1(e™Y) = %— 6 (From 2)

" 9=§ - 2tan” (e 1)

5c) Solve by Gauss Jacobi Iteration Method: 5x -y +z=10,2x+4y=12,x+y+5z=-1.
(8 marks)
Ans: From 1* equation, 5x =10 +y —z
x=% (10+y-2)=0.2(10 +y - 2)

Similarly,
From 2"%equation, x + 2y = 6

R 2y=6—x
1
y=7 (6 —x) =0.5(6 — x) and,

z2=02(-1-x-y)=-0.2(1 +x+Yvy)
Iteration 1:

Put Xo=Yo=12p
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@ xX1==02(10 +yo—20) == 0.2(10+0-0) =2
“y1=0.5(6—x0) = 0.5(6—0) = 3

~27=-0.2(1+X%9+Yo)=-0.2(1+0+0)=-0.2

[teration 2:

Putx;=2;y1=3;2,=-0.2

s~ x2=0.2(10+y; —2;)=0.2(10+3 +0.2) = 2.64
~y2=0.5(6-x;)=0.5(6-2)=2

n2=-02(1+x+y1)=-02(1+2+3)=-1.2

Iteration 3:

Putx,=2.64;y,=2;2,=-1.2

~x3= 0.2(10+y,—-2;)= 0.2(10+2=1.2)=2.64
~y3=0.5(6—-x;) =0.5(6 —2.64) = 1.68

n23=-02(1+x,+y,)=-0.2(1+2.64+2)=-1.128

Iteration 4:

Put x3 = 2.64; y; = 1.68; z3=-1.128

~ X4 =0.2(10 +y3 —2z3) =0.2(10 + 1.68 = 1.128) = 2.5615
~y4=0.5(6—-x3)=0.5(6 —2.64) = 1.68

2 24=-0.2(1 +x3 +y3) =-0.2(1 + 2.64 + 1.68) = -1.0640

[teration 5:

Put x4 =2.5616; y, = 1.68; z, =-1.0640

= x5 =0.2(10 +y,—24) =0.2(10 + 1.68 + 1.0640) = 2.5488
% ys=0.5(6 —x4) =0.5(6 —2.5616) = 1.7172

. 25=-0.2(1 + Xq +ya) =-0.2(1 + 2.5616 + 1.68) = -1.0483

Dec 2017




APPLIED MATHEMATICS-1

Iteration 6:

Put x5 = 2.5488; ys = 1.7192; z5 =-1.0483
~Xe = 0.2(10 +ys —z5) = 0.2(10 + 1.7192 + 1.0483) = 2.5535
Vg =0.5(6—Xs) = 0.5(6 — 2.5488) = 1.7256

26=-0.2(1 +xs +ys) = -0.2(1 + 2.5488 + 1.7192) = -1.0536

Iteration 7:

Put xg = 2.5535; yg = 1.7256; z¢ = -1.0536
~ x7=0.2(10 + yg — z6) =0.2(10 + 1.7256 =1.0536) = 2.5558
~y7=0.57(6 —x¢) = 0.5(6 — 2.5535) = 1.7232

. 27=-0.2(1 + X6 + yg) = -0.2(1 + 2.5535 + 1.7256) = -1.0558

Iteration 8:

Put x7 = 2.5558; y; = 1.7232; z; = -1.0558
~ xg=0.2(10 +y; —z7) =0.2(10 + 1.7232 =1.0558) = 2.5558
~yg=0.57(6 —x7) = 0.5(6 — 2.5558) = 1.7221

. 27=-0.2(1 +Xg + ye) = -0.2(1 + 2.5558 + 1.7232) = -1.0558

Hence, by Gauss Jacobi Iteration Method, the solution is

x=2.5558,y=1.7221,z=-1.0558

Dec 2017
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Q.6)
x3 x5
6a) Prove that cos™[tanh(log x)] =t — Z(x —3 + 5 )

sinh@
cosh@

Ans: We know, tanhB=

_(e9—e‘9)/2

~(eP+e~9)/2
ef—e

ef+e—0

-0
.. tanhB =

Put B6=log x, ..(1)

elogx_e—logx

..tanhUOgX)=eLOQX+e—Jogx

elogx_elogx_1

T plogxyplogx~1

x—x"1

x+x~1

_x(1-x7?)
T x(1+x72)

..(2)
Lety=cos4ﬁanhUong

1

(From 2)

[1-x"2
= cos

[14+x~2
(1-(x~1)7?
[ 1+(x—1)~2

= cost

Put x'=tan®
. L (1-tan?6
Y (1+tan29)
= cos *(cos26)
=20

1
=2tan4(—) (From 1)
X
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(20 marks)
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= 2cot’x
= 2(— — tan 1x)
= 11— 2tan’x
x3 x5
a2 )
3 5
. x3  x°
Hence, lcos *[tanh(log x)] = T — Z(x — 3 + 5 )
6b) Ify = ezxsingcosgsinSx . Find y,,. (6 marks)
2x X X . 2
Ans:y = e“*sin—-cos=sin3x x—
2 2 2
1 . .
== e?x [st (g)] sin3x { 2sinAcosA = sin24}
1 . . 2
=-e?*sinxsin3x x—
2 2
1
=5 e?*[cos(3x — x) — cos(3x + x)] (- 2sinAsinB = cos(A — B) — cos(4 + B)}
1
Ly=g [e?*cos2x — e**cos4x]
Taking n'" order derivative, y, = Z {ﬂ (e**cos2x) — A (eszOS4x)} (1)
» I 4 Laxn dxn
We know, If y = e®cos(bx + ¢) , yn = r"e®™cos(bx + ¢ + n®) .(2)
Herea=2,c=0,b;=2andb,=4
Sor=ya? + b2 =22 +22=+/8=8Y2 andr,=/a? + b? =v22 + 42 =+/20 = 20%/? (3)
b 12 T b 12 1
And, @, = tan' 2 =tanZ =tanl1=— & @, =tan2=tan 12 _tan= ..(4)
a 2 4 a 4 2

.. From (1),(2),(3) and (4),

Y. =%{(81/2)"32x cos(2x + 0 +n@,) + (ZOl/Z)nezxcos(4x + 0+ TL@Z)}

1
Sy= ier [8”/2 cos (Zx + 71—”) + 20™2cos(4x + n@z)] where @2 = tan‘i
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6¢) (i) Evaluate lim,_(cot x)5"*, (4 marks)
. sin(x+iy)] Cmee -1
(ii) Prove that Iog[—sin(x_iy) = 2itan"(cot x tanh y). (4 marks)

Ans: (i) LetL=lim,_q(cot x)S"*
"+ logl = log{lim,_,o(cot x)5"*}
=lim,,_,o{log(cot x)S"*}

=lim,_,, sin x - log(cot x)

. log(cotx) co
- hmx_)o cosec x ™
00

1 2
———cosec“x
cotx

=]lim Lot
x>0 _cosec x cot x

(L’ Hospital’s Rule)

1

=lim,_,tanx - -tan x

sinx

1 sinx

=lim tanx -
x>0 sinx cosx

1
cosO0

=tan 0 x

S.loglL=0

L=e"

~dim, o (cot x)ST* =1

(ii) Consider, log[sin(x+iy)]=log[sin x cos(iy) + cos x sin (iy)]
. log[sin(x+iy)]=log[sin x cosh y + icos x sinhy]  {~cos(ix)=cosh x; sin (ix)=isinh x;}

1

", loglsin(x+iy)] 1I [sin? h2 2y sinh?y] + itan’ Cosxsinhy|
.. log[sin(x+iy)]=—log[sin” x cos +cos” x sin +itan"|T—————
& y 2 8 y y sinx coshy

{ log(x + iy) = Zlog(x? +y?) + itan™* |2}

1
Iog[sin(x+iy)]=EIog[sin2 x cosh’ y + cos” x sinh” y] + itan™|cot x tanh y|
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1
Taking Conjugate, log[sin(x — iy)]=zlog[sin2 x cosh? y + cos” x sinh? y] — itan™|cot x tanh y|

(i
Now, Iog[% = log [sin(x + iy)] — log[sin(x — iy)]

= {% log[sin2 x cosh2y + cos2 x sinh2 y] + itan — 1|cot x tanh y|} _

{%log[sinZ x cosh2y + cos2 x sinh2 y] - itan — 1|cotx tanhyl}

= 2itan™(cot x tanh y)

[sin(x+iy)

— Jitan-t
sin(x—iy)] = 2itan "(cot x tanh y)
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N.B:- (1) Question no. 1 is compulsory.
(2) Attempt any 3 questions from remaining five questions.

Q.1(a) If tan g = tanh g, show that u = log[(tan(g + g))]

Ans: Given that: tan g = tanh%

Z=tanh [ tan 7]
2 2

~u=2tanh™1[tan 7
2

By using Inverse hyperbolic function,

1+tang
=log[——
1—tan§
1+tan> ZitanZ
But 2 -4 _2_1tan(>472)
1—tan§ 3 tans 4 2
~ u= log [(tan(g + g))] Hence proved.

(b) Prove that the following matrix is orthogonal & hence find A~ 1.

X -2 1 2
A =§ 2 2 1]
L1 -2 2
-2 1 2]
Ans : let A= -| 2 2 1
[ 1 -2 2

Transpose of A is given by,

-2 2 1
AT=§[1 2 —2]

2 1 2

[3]

3]




2 1 21[-2 2 1

A.AT—%Z 2 1”1 2 —2]

1 -2 2ll2 1 2
oo
=5010]
0 0 1

I

)
The given matrix A is orthogonal.
The inverse of an orthogonal matrix is always equal to the

Transpose of that particular matrix.

-2 2 1
A‘1=§[1 2 —2]
2 1 2

(c) State Euler’s theorem on homogeneous function of two variables
ou
ay

[3]

x+ ou
> 2 then evaluate x -ty

&if u= >
X +y
Ans: Euler’s theorem : If a function ‘v’ is homogeneous with degree ‘n’ then
du du
XE + yg =n.u
_ xty
Let = Ziy?

Putx=xt andy=yt

Flx,y) = (xt;;:gt)Z: % [xjiiz]
=t 1. f(u)
Hence the given function ‘u’ is homogeneous with degree n=-1
ey
ox ay
Xty o=l




_ 22 2. . d(uv)
(d) fu=1r“cos 20,v = r<sin 280. Find 30" [3]

Ans : u=r%cos 20 v =1r%sin 260

Diff. u and vw.r.t rand 0@ partially to apply it in jacobian

duy) _ |Ur u9| _|2rcos26 -2r*sin26
are) 1Vr Vol |[2rsin20 2r%cos?26
= 413c05%?20 + 4r3sin?260
= 413(cos?20 + sin?20)
a(u,v) — 4-1"3
ar0)

(e) Find the nth derivative of cos 5x.cos 3x.cos x. [4]

Ans: let y = cos 5x.cos 3x.cos x

cos (5x—3x)+cos (5x+3x) 1
. COS X { cos A.cosB=_[cos (A + B) + COS (A— B)]}

[ cos 2x.cos x + cos 8x.cos x |

= N =

y= - [cos3x+ cos x+ cos9x + cos 7x]

Take n th derivative,

n th derivative of cos (ax + b) = a™cos (nz—” + ax + b)

Vp = i [3"cos (nz—n + 3x) + cos (nz—n + x) + 9"cos (nz—” + 9x) + 7"cos (? + 7x)]

. 2x+1 1
(f) Evaluate : &1_1)1(}( )" [4]
. 2x+1t
Ans: let L= 5611{)1( 1 )x

Take log on both sides,




1, 2x+1

log L = lim £ (2

. 2x+1

- kl_l)l(}( x2+x)
Apply L'Hospital rule,

. 2
logL = !}l‘(} 2x+1)
logL = 2
L=e?

Q.2(a) Solve x*—x3+x2—x+1=0.
Ans: xt—x3+xt-x+1=0
Multiply the given eqn by (x+1),
+D)(x* — 23 +x%2 —x +1)=0
x° = (-1)
But -1=cosm+isinm
v x = [cos  + i sin m]/>
But By De Moivres theorem,
(cos x + isinx) "= cosnx + i sin nx
X = cos§+ ising
Add period 2k,
x = cos(1 +2k) < + isin(1+2k);
Where k =0,1,2,3,4.
The roots of given eqn is given by,
Put k=0 x,= cos§+ isin% = e™/5

3n ., . 3m
k=1 x; =cos—+isin_= e37/5

[6]




(3 . . 1T
k=2 x; =cosT+isin_= e™/1

7 , . I
k=3 x3=cos_+isin_= e’™/>

ot . . 9
k=4 x4 =cos_+isin_= e7/>

The roots of eqn are : e™/>,e3™/5 e™/1 7m/5 97/5,

(b) If y=e" "% Prove that

(14 x)ynsz + 2+ Dx — 1]ype + n(n + Dy, =0 [6]
Ans: y=etan ' —)
Diff. w.rit x,
yy = et x L
2+ 1y, =ea™ ' X*=y (from 1)

Again diff. wr.t x,
X2+ DY, +2XY1 = V1 e (D
Now take n th derivative by applying Leibnitz theorem,
Leibnitz theorem is:
(uwv), = u,v + jCu,_1v{ + HCu,_,v, + -+ uv,
u = (x%2 +1),v = y, ..for first term in eqn (1)
u=2x,v=y ...for second term in eqn (1)

(1 + xz)yn+2 + 2(11 + 1)xyn+1 + n(n + 1)yn —Yn+1 = 0

A+ )Y+t 2+ Dx— 1]y +n(n+ 1)y, =0

Hence Proved.




(c) Examine the function f(x,y) = xy(3 — x — y) for extreme values &

find maximum and minimum values of f(x, y). [8]
Ans: fxy) =xy3 —x—y) =3xy — x*y — xy*
Diff. function w.r.t x and y partially,
@Y _ oo 2 FEY) _ o 2
5 — Y " 2xy-—y PV 3x —x* —2xy
of(xy) _ of xy) _
ax 0 ady =0

3y—2xy—y*=0 & 3x—x*-2xy=0

y=0, 3-2x-y=0 & x=0,3-x-2y=0
Stationary points are : (0,0),(3,0), (0,3),(1,1)
_9F_ A
r=—5=-2y , t_ayz_ 2x
_f oo
S = oxy 3—-2x—2y

s? =(3-2x-2y)?
rt-s?=4xy-(3 — 2x — 2y)?
For point (0,0), rt-s2 =-9 < 0
The point is of maxima.
For point (3,0), rt-s?=-9<0
The point is of maxima..
For (0,3), rt-s2=-9<0
The point is of maxima.
For point (1,1), rt-s>=3>0
The point is of minima.

(a) Maximum values : At (0,0), (0,3), (3,0)
At point (0,0) f(max)=0




At point (0,3) f(max)=0

At point (3,0) f(max)=0
(b) Minimum values : At (1,1)

At point (1,1) f(min)=1

The maximum and minimum values of function are 0 and 1.

Q.3(a) Investigate for what values of u and A the equation x+y+z=6;
X+2y+32=10; x+2y+Az=u have

(i)no solution,
(ii) a unique solution,
(iii) infinite no. of solution. [6]

Ans: Giveneqn: x+y+z=6 , x+2y+3z=10, x+2y+Az=u

AX=B
1 1 1|x77[6
1 2 3||y|=|10
1 2 Altzl L u
1 1 1,6
Argumented matrixis: |1 2 3| 10
1 2 A u
RZ _Rli
1 1 1 6
- 01 2 4
0 1 A—-1, u—6
R3 _Rz,
1 1 1 6
- 01 2 4
0 1 A-3| u—-10

() WhenA=3,u + 10 thenr(a)=2,r(A:B)=3
r(A)J=r(A:B)




(ii)

(iii)

(b) Ifu = f(yx

Ans : let
dx

ou
dy

du

ou _

E_

Hence for A=3, u # 10 system is inconsistent.

No solution exist.

When A#3,u # 10, r(A) =r(A: B) =3
Unique solution exist.

WhenA=3,u=10 r(A)=r(A:B)=2<3
Infinite solution.

a 2 du 2 au
show that x%2 — + y? — +z = 0. 6
) ax y az [ ]
u = f(r,s)
—-x zZ—Xx
= y— SHS=—
xy Xz
Quor  Ouds _oul  gu -1
drdx Odsdx Orx%  9s “x2
_uor | ouwds _ u(h  ou o
~ or dy 0ds dy ar y?2 6s
du or duds _ ( ) 6u 1
ardz dsdz s 22
du du du Ju ou du du
=4yt — = =
ox ady dz Or as ar ds

Hence proved.

Ans :

(c) Prove that Iog(Zt—iZFZitan

—1b a+ib, _a%*-b?
- & cos [i Iog( ] —a2+b2 [8]
let L=log(>—)

Using logarithmic properties,

L = log(a+ib) — log(a-ib)

= % log(a? + b? ) +i. tan‘lg— [% log(a? + b?)-i. tan‘lg ]




L = 2itan~12
a

a+ib . _1b
—) = 2itan"1- Hence Proved.
a—ib a

log(

a+ib 2itan—12 _1by .. _1b
w —— = e“'"™ “=cos(2tan 1) +isin(2tan~1-)
a—ib a a

a+ib a+ib _1b . . _1b

— X —— = cos (2tan~ 1 -) + isin(2tan™1>)

a—ib a+ib a a

2 2

a“—b , , —1by .. -1 b
+ imaginary =cos (2tan™ " -) +isin(2tan™ " -

a2+b2 g y ( a) ( a)

Separate real and imaginary parts

2 2
-1 b a“-b
cos (2tan ") =
( a’  a?+b?
From 1 result,
. a+ib, a*-—b>
cos [i Iog(a_l,b] ==z Hence Proved.

Q.4(a) ifu= sin‘l(%), Prove that

2 2 __ —sinu.cos2u
X Uy + 2XY ULy, + YUy, = — —o— [6]

Ans : u= sin‘l(\/;::\}};)

Put x=xt andy =yt to find degree.

wussin~! (X
T Vxt+ [yt

. x+y 1
“ SINU = tl/z.m = tZ-f(X,)’)

The function sin u is homogeneous with degree %.

But sin u is the function of u and u is the function of x and y.




By Euler’s theorem,

xu, +yu, = G(u) = n.%= %tanu

S XUy + 2XYUL, + ViU, = GG (1) — 1]

sec?u—2
]

= Ltan uf
2

tan®u—1

|

=

= —tanu|

sinu [sinzu—coszu

1
—_ X >
4 cosu cos“u

]

2 2 _ —sinu.cos2u
X Uy + 2XYUy, + YUy, = acou

Hence Proved.

(b) Using encoding matrix [(1) ﬂ encode and decode the message

“ALL IS WELL” . [6]
. .1 1
Ans: Let encoding matix A = [0 1]

The message is ALL IS WELL and Let B is the matrix in number form,

B=[1 12 9 0 5 12
12 0 19 23 12 O

A'B=[(1) ﬂ [112 102 199 203 152 102

13 12 28 23 17 12]
12 0 19 23 12 O

The encoded message is given by,

c-|

1312120281923231712120

“MLL ASWWQLL “




Inverse of encoding matix A = [(1) ﬂ is given by,

[ —1”13 12 28 23 17 12
0 19 23 12 O

Decoded matrix is given by,

B=A_1C_[1 ] 13 12 28 23 17 12
7o

19 23 12 0

[1 12 9 0 12]
12 0 19 23 12

B =

(c) Solve the following equation by Gauss Seidal method :
10x; + x, + x3 = 12
2x1 +10x; + x3 =13
2xq + 2x, + 10x3 = 14 [8]

Ans: By Gauss Seidal method ,
Given eqn: 10x; + x, + x3 = 12
2x; +10x, +x3 = 13
2x, + 2x, + 10x3; = 14
Fromgivenegqn: |10]|>|1]|+]|1]
[10]>]2]+[1]
[10]>|2]+]2]
The given eqn are in correct order.

112 — x; — x3]

Ny —
17 10

1
S X = E [13 — le — x3]




oy = o [14 — 225 — 2]
1) For 1*iteration: takex, =0,x;3 =0
xy =—[12] = 1.2
x1=1.2,x3=0 gives x, =1.06
x1=1.2,x, =1.06 gives x3 = 0.948
1) For 2" iteration : take x, = 1.06,x; = 0.948
X, = % [12 — 1.06 — 0.948] = 0.9992
x4 =0.992,x3 = 0.948 gives x, = 1.0068
x4 =0.992,x, = 1.0068 gives x3 = 1.0002
)  For3"iteration: x, = 1.0068,x; = 1.0002
x; = —-[12 — 1.0068 — 1.0002] = 0.9993

x; = 0.993,x; = 1.0002 gives x, = 1.00
x;=0.993,x, =1.00 gives x3 =1.00

Result : X1 = 100, Xy = 100, X3 = 1.00

Q.5(a) Ifu = ev*f (g) where f(%) is an arbitrary function of %

u Ju Ju Ju
Provethat.xa+z£—ya—y+z£—nyz.u [6]

Ans: let % =w ~u=eY: f(w)

Diff. u w.r.t. x partially,

% i f(w) + f(W). €. yz

Diff. u w.r.ty partially,

Z_: =e’f'(w)+ f(w).eV*. xz




Diff. u w.r.t y partially,

3—: =e’f'(w) + f(w).e*. xy

Xg—z + Zg—: = xeVZf' (W) + f(W). e xyz + ze™*f'(w) + f(w).e*%. xyz

yz_;l + ZZ—: = }’exny' (W) + f(W) exyz, Xyz + Zexyzl:r(w) 4+ f(W) exyz.xyz

From (1) and (2),

Ju u Ju Ju
X—+z—=y—+z— = 2xYyZ. Hence Proved.
w25, =Y P tz XyzZ.u ence Proved

(b)Prove that sin®@ = —[sin 56 — 5sin 30 + 10sin 6]

. . 1 . .
Ans : let x=cos @ + isin 6 Pl cos O —isin O
1 . 1 1
2cos0=x+- sin 0 =—(x—"-)
X 2i X

Forsin O take fifth power on both sides,
S0 =L (x=-H15=Ls_L_5(3-_1 1_1
sin°0 = [Zi (x x)] =3 [x = 5 (x x3) + 10(x I ]

But x" =cosnO@ +isinn@ , x "™ =cosnf—isinnb
x*"—x" =2isinnb

sin®0 = ﬁ[Zisin 50 — 5 x 2isin 30 + 10 X 2isin 0 |

sin®0 = % [sin 50 — 5sin 30 + 10sin 0]

(c) i) Prove that log(sec x)=% x? + 1—12x4 + o

ii) Expand 2x3 + 7x* + x — 1 in powers of x — 2.
Ans: (i) Let E= log (secx)

= -log (cos x)

(1)
(2)

[6]

[8]




= -Iog{l-(’;—j—z—f)]

(D)D)

E = log(secx) = %xz + %x4+..

(i) let f(x)=2x3+7x* +x—1

Here a=2
fX)=2x3+7x*+x—-1 f(2) =45
fl(x) =6x*+14x +1 f'(2)=53
£ = 12x + 14 £'(2) = 38

£ = f(2) = 12

Taylor’s series is :
fx)=f(a)+ (x—a)f' (a) + %f”(a) F e

—2)2 3

2x3+7x*+x—1 = 45+53(x—2)+19(x — 2)%2 + 2(x — 2)3

I . 6
Q.6(a) Prove that sin~!(cosec ) = g +i.log(cot E)
Ans: we have to prove this sin™!(cosec ) = g +i.log(cot g)

. T 6
(cosec 0) = sin| St log (cot E)]

R.H.S

= sin[> +i.log (cot g) ]
= cos [i.log (cot g)]

= cos hlog (cot g) .......... { cosix=cos hx }

[6]

......... { sin (g + x)=cos x }




0
= %[e"’g(“’t 2) + e""g(“’ti)] ........... { cos hx = % [e* + e ]}
1 6 1
= 3 [cot 5t cotg]
_ 1 6 29
= jtan [1+ cot 2]
= Yian ® szEmszg] ........... {tang =222-_1
2 2 sin2= cosf® coté
.0
_ 1 % sin; 1
27 cos? sinzg
!
"~ sin®
=cosec0 = LH.S
. T . (7]
=~ (cosec 0) = sm[; +i.log (cot E)
» sin"1(cosec ) = g +i.log(cot g) Hence Proved.
1 2 3 2
(b) Find non singular matrices Pand QsuchthatA=|2 3 5 1 [6]
1 3 4 5
1 2 3 2
Ans : A=|2 3 5 1
1 3 4 5

For PAQ form,

A=1I3,3.43x4 -I343

1 2 3 211 0 0 (1)‘1’83
2351]=010A0010
1 3 4 5l lo o 1l [;,,;

R; — 2R;,R3 — R4,




1 2 3 2 1 0 0
0 -1 -1 -3|=(-2 10
1 3 —

0 -1 1 0 1

C,—2C;C3 —3C,,C4 — 2C4,

1. 0 0 011 00 (1)_12_03_02
0O -1 -1 -3|=(-2 1 0|4
0 1 1 3 1 0 1 00 10
N - 00 0 1
R; + R,,
1 0 0 0 1 0 0 (1)_12_03_02
0 -1 -1 —3=—210A0010
0 O 0 0 -3 1 1 00 0 1
C3 - CZ) C4- - 362;
1 0 00 [1 0 O (1)_12_1 43
0 -1 0 o0o|l=]1-2 1 o0/|l4A 00 _1 _0
0O 0 0 O -3 1 1 00 0 1
_R2,
1 0(0 0] [1 0 O (1)_12_1 43
0 1/0 0|=|l2 -1 0|4 00 _1 ?)
0 00 O -3 1 1 00 0 1
Now A is in Normal form .
Compare this w.r.t A=PAQ form,
1 0 0 01 1.3
~P=|2 -1 0 Q= il
3 1 1 00 1 0
B 00 0 1
. Rank of given matrix A is 2.




(c) Obtain the root of x> — x — 1 = 0 by Regula Falsi Method
(Take three iteration).
Ans : Equation: x3—x—-1=0
S f)=x3-x-1
f(0)=—-1<0 and f(1)=—-1<0and f(2)=5>0.
Root of given eqgn lies between 1 and 2.
(x0,¥0) =(1,-1) (x1,¥1) =(2,5)

x., = 20¥17X1Y0 _ 4 9949
2 Y1=Yo )

f(x;) =—-0.3871<0
Next iteration :
(x0, ¥o) = (1.2249,-0.3871)
(x1,y1) =(1.667,1.9654)

x, = 29Y17X1Y0 _4 5976
2 Y1=Yo )

f(xy) =—-0.1127 <0
Next iteration :

(x0, ¥0) = (1.2976,-0.1127)

(x1,y2)=(1.667,1.9654)

x, = 2017X1Yo _ 41 3176
2 Y1=Yo '

The root of given eqn after 3" iteration is 1.3176.

[8]




NMIINMRAIL T INIVEFRSITY

SEMESTER - 1
APPLIED MATHEMATICS SOLVED PAPER - DEC 18
N.B:- (1) Question no.1 is compulsory.
(2) Attempt any 3 questions from remaining five questions.

Q.1 (a) Show that sec h-(sin 6) =log cot (g). [3]
ANS: LHS = sec h-1(sin 6)
Lety =sec h'!(sin B)
sec hy =sin©
1 1

sinf  sec hy

cos hy = cosec 6

y = cos h-l(cosec 6)

but cos h'x = log |x + VxZ — 1|
-y =log |cosec 8 + VcosecZ 8 — 1|

-y =log |cosec 0 + cotO|
1 cos@ |

sin@ sin@
1+cos@

=log

=lo
9 sin@
29
2 cos >

=log

6 .60
2c0s=sin—
2 2

[
COS—
2

=log

. 6
Sin—-
2
=log cot (g).
= RHS
~. LHS = RHS
Hence proved

V2 -ivZ 0
(b)Show that a matrix A =2,z _y2 0] is unitary.  [3]
0 o0 2
V2 —iv2 0
ANs:Given  A=-1i\2 2 0
0 0 2

To prove unitary, we have to prove AA® = |

vz -iv2 ﬂ
~Ae=1

iv2 =2 0
0 0 2




~.LHS = AA®

. NN ) V2 —iv2 0
Zlivz =2 ofz|livz —vV2 0
0 0 2 0 0 2

[(2+2+0 —-2i+2i+0 0+0+0

=i2r—n+0 24240 0+0+ 0
[ 0+0+0 O0+0+0 040+ 4
4 00
=ZO4O
0 0 4
100
=0 1 0
0 0 1
LHS= |
= RHS
LHS =RHS

Hence proved.

(c)Evaluate lin(} sinxlogx. [3]
X

ANS: Let L = lin% sin x log x
xX—

logx

L =1lim
x—0 cosec x
1

R T A .

L= }gr(l) e m ooty s (By L hospital)
. —sinxtanx

L =1lim ————
x—0 X

L=1im —tanx
X—

L=0

(d)Find the nt derivative of y=eox cos2 x sinx. [3]
ANS: Given y=e% cos?x sin x

y: eox (

1 n .
y=3 (e sinx + e%* cos2xsinx)

1+cos2x

)sinx

y= %(eax sinx + %eax(sin 3x — sin x))
y= l(leax sin 3x + = e%* sinx)
2\ 2 2
Diff n times,
11 n . -13 1 V '
w=ﬂﬁe“0m2+9)9M3x+nmn1?*-5“”(a2+1"$Mx+

_11>
n tan a) .

(e)if x =r cos © and y=r sin © prove that JJ-'=1.  [4]
ANS: Given x =r cos 6 and y=rsin 6




i.e.xy —f(r0)

ax _ ax .

;—COSG 55 = rsin @

dy . dy

— = sin —=r

5 =S 0 39 cos @
dx Ox

_9(xy) _|or a6| _|cos@ —rsinf| _ , _
J= = —|. =r(cos20 +sin26)=r.
o(re) |9y 9y] lsin@ rcos@ ( )

ar a6

T I GO (1)
Now, to find values of rand 6
X2+ y2=12(Cc0os?20 +s5in20 ) =r2

.= 2 2 X=rsin6=
r=yJxt+y and S tan ©

. O=tan12
X
o or x y
r_9(r,0) _ |ox oyl _ \/x2+y2 \/x2+y2
a(xy) |96 96 —Y x
ax dy x2+y?2  x%+y2
_ xZ y2
= 3+ 3
(x2+y?z  (x%2+y?)2
— _x+y?
- 3
(x2+y?)2
1 1
= R TN oo 1 (2)
Jx?+y? oor

From 1 and 2, we get
Hence, JJ = r.%= 1
Hence proved

(f)Using coding matrix A=[2 1] encode the message THE CROW FLIES AT

3 1
MIDNIGHT.  [4]
ANS:
T=20 H=8 E=5 C=3 R=180=15 W=23 F=6 L=12 I=9 E=5
S=19 A=1T=20M=131=9 D=4 N=14 =9 G=7H=8 T=20

C=AB

_[20 5 18 23 12 5 1 13 4 9 8

B8315691920914720

C=[2 1][20518 23 12 5 1 13 4 9 8
3 14t8 3 15 6 9 19 20 9 14 7 20

C=[48 13 51 52 33 29 22 35 22 25 36]
68 18 69 75 45 34 23 48 26 34 44




Q.2] (a) Find all values of (1 + i)é and show that their continued product is (1
+i). [6]
ANS: Let 7 = (1 + i)
= [V2 (cos %+ isin%)]g
L= (\/E)% . [cos (an + g) + isin(2km + E)ﬁ

)+i sin (T

+m

L= Zé[cos (Skn
Puttingk=0, 1, 2.

1 i
o= 26.e12

1 9im
Iy=26.e12

1 17im

Io= 26 . € 12

3 271im
sLolyIy= 26 . e 12
1 9im

=22.€e 4

=2 (cos %T+isin%n )
—\/_(—+l\/—_)

= (1+i).

(b)Find the non-singular matrices P & Q such that PAQ is in normal form

1 2 3 4
where|2 1 4 3 ‘ [6]
3 0 5-10
1 2 3 4
ANS. Given matrixis A=[2 1 4 3‘
3 0 5-10
The order of matrix is 3 x4
SA=lz A g
1 000
l1234‘ [100 010 0
2 1 4 3 0 1 0
3 0 5-10] lo o 1] |9 010
0 001

Operate R2-2R;; R3-3R;




1000
1 0100
0—3—2—5 210
0o -6 —4-221 -3 0 11 (00210
0001
Operate C2-2C;; C3-3C;; Cs-4C,
1 -2 -3 -4
1 00l 1o 12 0 o
0—3—2—5 1 0|A
0 -6 —4 —22 010010
0 0 0 1
Operate = CZ ; C3
1 203
3 2
1 0 0 0 1 00 -1
l011—5‘=[—210A0? 0 0
0 2 2-221 -3 0 1 o 1 o
2
0 0 0 1]
Operate R3-2R2
1Ry
3 2
1 0 0 0 1 0 0 b
l010—5‘=[—2 1 OAO? 0 0
0 0 0—12 1 -2 g, o -1
2
0 0 0 1]
Operate Caz4
1 2 -2 5
3 3 6
10 0 0 1 0 0] |y-1-51
01 1 of=[-2 1 oA 3 3 3
0 0 —120 1 -2 d i, 4 4 1
2
0 0 1 0]
R3
Opero’re_—12
Lg%
1 ooof [L 0011 -1 -5 1
01 00/=|22 1 0aAl" 3 3 3
00 10 |5 ¢ =l |g o o =2
2
0 0 1 o0

[I3, 0] = PAQ ie PAQ is in normal form,




13 T
100 o ~1 -5 1
=-2 1 0 = - 4 5
Where, P . and Q 3 3 3
12 6 12 0 O 0 __1
2
0 0 1 0]
(c)Find maximum and minimum values of x 3 +3xy2 -15x 2-15y2+72 x. [8]
ANS: Given f(x) = x3 +3xy2 -15x2-15y2+72x... (1)
STEP 1] for maxima, minima, Y-0L=p
dx ay
3x2+3y2-30x+72=0 and éxy — 30y=0
-y (6x-30) =0
y=0, x=5
For x=5; From Equation 3x2+3y2-30x+72=0, we get y2-1=0
Y=+1

Hence (4,0), (6,0), (5,1) ,(5.-1) are the stationary points.
STEP 2] Now, r=2L=6x- 30;

dx2

t=27=6x-30
STEP 3] for (x, y) =(4, 0), r=-6, s=0, t= -6;
rt —s2=(-6)(-6)-0=36>0 and r<O.
This shows that the function is maximum at (4, 0)
~.From Equation (1)
Frmax=f (4, 0) =43+0-15(42) +0+72(4) =64 — 240 + 288
Frnax=112
STEP 4] For (x,y)=(6.0)
r=6, s=0, t=6
rt-s2=36 but r=6>0
This shows that function is minimum at (6, 0).
From Equation (1),
Frin=F(6,0)=63+0-15(6)2+0+72(6)=108.
STEP 5] For(x, y) =(5, 1)
r=0, s=6, t=0;
(rt-s2)<0
This shows that at (5, 1) and (5.,-1) function is neither maxima nor
minima.
These points are saddle points.




Q.3] (a) If u=e*z f ( y) prove that x + z——2xyzu and y— + z——2xyzu and

hence show that x020x yozay [6]

ANS: u=ev: f (7)
2= et [ 11(2) x 241 (2 e x)
xzz—exyz [x—f’(%) +xyzf(ﬂ] ................ (1)
oo [ e (e xm
yg—; = e*” [x—f’ (%) + xyzf(xz—y)] .................... (2)
- [1/(2)x 2 (e o

ZZ—Z = "V [—ﬂf’ (xz—y) + xyzf(xz—y)] .................... (3)

Adding 1 and 3, we get

Ju ou _ Z xy\ _
X—+ z— =2e*Y% xyzf (;) = 2xyzu
Adding 2 and 3, we get
yg—; + ZZ—Z = 2e*? xyzf (xz—y) = 2xyzu
For deduction,

du du
X + z— = 2xyzu

0z
Diff w.r.t z
02 2%u | @ ]
ax; + [Z—u += (1)] = ny[z—u +u(1)]
Xo—= = (2xyz — 1)— - Z S 2XYU e (4)
Similarly,

ya—u + za— = 2xyzu

Diff w.r.t z and solving, We ge’r

9%u
ym = (2xyz — 1)— — Z + 2XVU eveiianinnnnn, (5)
. From 4 and 5, we geT
o°u 9

X9z0x — yazay'

(b)By using Regular falsi method solve 2x - 3sin x -5 = 0.

ANS: Let f(x) = 2x—-3sin x- 5
f(1)=-5
f(2) =-5.5244
f(3) =-3.7379 <0
f(4) =0.5766 >0
-.Roofs lies between 2 and 3

[6]




Iteration a b f(a) f(b) X = f(x)
af(b)—bf(a)
F)-f(a)
l. 2 3 -3.7279 0.5766 2.8660 -0.0841
Il. 2.866 3 -0.0841 0.5766 2.8831 -0.0009
. 2.8831 3 0.0009 0.5766 2.8833 -

(c)if y=sin[log(x2+2x+1)] then prove that (x+1)2yn+2 +(2n +1)(x+ 1)yn+1 +

(n2+4)y,=0. [8]
ANS: We have,
y=sin [log(x2+2x+1)]
Diff with x
= 2
y1 = cos [log(x2+2x+1)] X PR (2x + 2)
2(x+1)
= 2
y1= COs [log(x2+2x+1])] x D)2

2
= 2 R
y1= cos [log(x2+2x+1)] x i

(x + 1) y1=2 cos [log(x2+2x+1)]
Diff with x again,

(X + 1) y2+ y1 =-2sin [log(x2+2x+1)] X X (2x + 2)

x24+2x+1
2(x+1)
(x+1)?
(x + D2 y2+ (x+ 1)y1 =-4sin [log(x2+2x+1)]
(x + 1)?y2+ (x+ 1)y1 = - 4y

By Leibnitz Theorem,

[z + 102 + nyppa 26+ D +

(X + 1) y2+ y1 =-2sin [log(x2+2x+1)] x

n(n-1)
2!

Yn- 2] + [Yns1. (x + 1) +ny, (1)

]='4yn
Yni2(X+1)2+2N+ 1) (X + 1) ypyq + (N2+4) y, =0

Q.4] (a) State and prove Euler’'s Theorem for three variables. [6]
ANS:
Statement: If u=f(x, y, z) is a homogeneous function of degree n, then -

Let, u=f(x, y, z) is a homogeneous function of degree n.
Putting X =xt, Y=yt Z=12zt.

fX\Y,2) =t"f(x,y,z) .......... (1)

Diff LHS w.r.t t,




af _df X  dfay | of az

ot —oax ot T avar T azat

of _ Of of , 9

=Xy oz 2)

Diff RHS w.r.t. t,

a_f_ n—-1

at—nt fx,y,2)

Now putt = 1, we get 2L = nf (x,y,2) ......... (3)

From equation 2 and 3, we get

of of of _
xSty otz = nf(x,y,z)
of of of

xa—X.+y 6_Y+ZO_Z=nu

Hence proved

(b) By using De Moirés Theorem obtain tan 50 in terms of tan 6 and show that
1- 10 tan2 (1—’;) + 5tan4 (1—’;) =0. [6]
ANS: (cos 56 +isin 50) = (cos © +isin B) °
=C0s°0 + 5c0os40isin © + 10 cos 30 i2sin 20 + 10 cos 20 3sin 30 + 5 cos 6
i4 sin 40 + > sin 56
= C0s°0 + 5Cc0s 40 isin © - 10 cos 30 sin 26 — 10i cos 20 sin 36 + 5 cos 6 sin
40 + isin %6
= (cos %6- 10 cos 30 sin 26 + 5 cos B sin 40) + i (5cos 40 sin © — 10 cos 20
sin 30 + sin %0)
Equating both sides we get,
.. C0OS 560 = cos %6- 10 cos 30 sin 20 + 5 cos O sin 40
- sin 56 = 5cos 40 sin B — 10 cos 20 sin 30 + sin 50
But fan 56 = sin 56 / cos 56
= (5c0os40sin © — 10 cos 20 sin 30 + sin B) / (cos °6- 10 cos 30 sin 20 + 5
COs O sin 40)
Dividing by cos %0

__5tan® —10tan30+ tan®6
tfan 56 =
1- 10 tan?6+ S5tan*6

for deduction, put 6 = %

1- 10 tan? =+ 5tan* =
10 10

cot 5x— =
10 5tan % —10 tan3 %+ tan®

7 1-10tan? (=) + 5tan () = 0.

Hence proved.

s
10

(c)Investigate for what values of A and p the equations [8]
2x+3y +5z2=9
7x+3y-22=8




2x + 3y + Az = p have

A. No solutions

B. Unique solutions

C. An infinite number of solutions.
ANS: Consider the system of equation of

2X+3y+52=9

/x+3y-2z=8

2X+3y+Az=p

The above system is given as Ax=B

7 3 =2]rx
2 3 51|y|=
2 3 A1tz

X
Where A=(2 3 5] X=[Yl
2 3 A Z
8
And B=
Y7,
Rz —R»>

RN lR

(A) For no solution,
p(A) # p(AB)
A-5=0and pu-9+0
SA=5andu#9
(B) For a unique solution
p(4) =p(AB)=3
s A -5% 0and umay be anything
~.A %= 5forall values of u
(C) For infinite solutions,
p(4) =p(AB) <3
SA-5=0andpu-92=0
SA=5andp=9

=9

Q.5] (a) Find nth derivative ofﬁ. [6]

1
ANS: Y =2z

1

(x+ai)(x—ai)’
1 A B

(x+ai)(x—ai) (x+ai)  (x—ai)
1=A(x—ai) +B(x + ai)

y:




Put x = qi,
1 = B(2ai)

1

2ai
Put x = -ai, we get
1

2ai
1 1
Ly = —-2ai 2ai
o (x+ai) (x—ai)
o1 [ 11 ]
Y= 2ai “(x+ai) (x—ai)
Diff n times, we get
1 (-D™n! (-D™n!
yn=gal (x—ai)™1  (x+ap)nti
(b) If z=f (x, y) where x = ev +e"V, y = eV - eV then prove that ‘;—i - Z—i =X Z—i -y
dz
= [6]
ANS: Given: z="f(x,vy) , X=ev+ev ... (1)
y=ev-ev.......... (2)
By Chain Rule,
9z _0z93x | 3z0y (3)
du 0xou Odyou T
And
0z _ 0z0x , 0z0y
ol 6x6v+6y8v ........... (4)
~.From equation 1 and 2,
a_x — eU a_x = _e—V
ou v
oy _ . 9y _
W ¢ T T®
.. From equation 3 and 4,
0z _ 0z ., 0z
Ju =eV o % ey a .......... (5)
And
0z L o0z _ oy 82
5, = €' -¢Y 5y T (6)

By Subtracting Equation 5 and 6,

0z 0z dz 0z
F nllreiall| U+ev)a—(e“-ev)a—y
_ 0z 0z
- 5_ a_y .......................
0z 0z 0z dz
ou v Zox Yoy

Hence proved.

(c) Solve using Gauss Jacobi lteration method
2x+ 12y +z-4w =13

(By using equation 1 and 2)

[8]




13x+5y-3z+w=18

2x +y -3z + 9w =31

3x -4y + 10z + w = 29
ANS:

_ 18-5y+3z—-w
13

_ 13-2x—z+4w
12

_ 29-3x+4y—w
10

— 31-2x-y+3z
9

lteration X y z W
1 1.3846 1.0833 2.9 3.4444
2 1.3722 1.7590 2.5735 3.9831
3 0.9956 1.9679 2.7936 3.8019
4 0.9800 1.9519 3.0083 3.9357
5 1.0254 1.9812 2.9932 40126
6 1.0047 2.0005 2.9836 3.9942
7 0.9965 1.9987 2.9994 3.9934
8 1.0009 1.9984 3.0012 4.0007
9 1.0008 2.0000 2.9990 4.0004
10 0.9997 2.0001 2.9997 3.9995
11 0.9999 1.9999 3.0002 4.0000
12 1.0001 2 3 4.0001
13 1 2 3 4

~x=1y=2,z=3,w=4

Q.4] (a) If y = log [tan (E + g)] Prove that

1. tanh =tanZ
2 2

. coshycosx=1

y ¥
. y e2—e 2
ANS: 1] sin h= =
2 2
y -y
y 24e 2
cos h==
2 2
y sinh%
’ronhE:

Y
cos h2

[6]




1—tan§
1+tan§—1+tan§
1+tan§+1— tang

=tan£
2
~tanhZ=tanZ
2 2
T X
2]y=|ogﬁon(Z—FEH
ev=tan (= + )
4 2
X
2
X

= i
1- tanz tan2

tan§+tan

1+ tang
ey =

- X
1- tanE

X
1- tanE

X
1+ tanz

eV+e ™V
2

1+tanX  1-tan®
. 2

X
N 1— tani

ev=

cos hy =

(1 +tan§)2 + (1—tan§)2
2(1—- tanzg)

X

x 2X 2X_
1+2 tan2+ tan 2+1+tan > Ztan2

2(1- tanzg)

1+ tanzg

_ 2X
1— tan >




1

. cos hy =

CosXx

1
. COS hy COs X = —— .COs X
COsS X

cos hy cosx =1
Hence proved

1 1
3+y3
(b) If u=sin~?! [x1+y1] prove that
x2+y2
220 4 oxy Z¥ py2 8 — AU pqn 2y 4 13] [6]
X %x 4 axdy y 2y 144 )
ANS:
1
1 17
3 3
Given u=sin"?! [x1+y1]
xX2+y2
1
1 173
. x3+y3| . . ; . 1
Z=SNnu= [ﬁ] is homogeneous function in x and y with degree "5
x2+y2
~.We have the result,
Ifz="f(u)is homogeneous function of degree x and y then
02 a 2
252+ vy 2y T =g (u) [ () - 1] where g[u) = n £
n=-— f (u) =sin u,f (u)=cosu
1 sinu
g ( ) h -E cosu
. g (v) ——E’ron U
‘q =_1 2
g (v) = - sec?u
By above resuIT
an” + 2xy 2% y22 =-Z [-=sec?u- 1]
dx 6y 12 12
=1 [isecQU + ]] =1 [M-F '|]
12 " 12 12 12
=ifon u [fan2 u + 13]
2 0%u ?u o 0%u_ tan
o T 2xy oxay ') aZy 144

Hence proved

(c) Expand 2x3+ 7 x2 + x - 6 in power of (x — 2) by using Taylors Theorem.

[4]
ANS: By Taylor’s series,

flx) = f(a) + (x +a)f (a) + EE2 () + EL o (q) 4




Here,

flx) =2x3+7x2+x-6
f(2)=2(2)3+7(2)2+2-6=40
f'(x) =6x2+ 14x + 1
f(2)=6(2)2+ 14 (2)+1 =153

f'x) = 12x + 14
£'(2) = 12(2) + 14 =38
F(x) =12
£7(2) =12
' (x)=0.

fix) = f(2) + (x - 2f 2) + E2201(q) + E222£7(2) +0
2x3+7x2+x-6=40+ (x-2) (53) + 22 (38) +E22" (12)
2x3+7x2+x-6=2(x — 2)3+19(x — 2)2+53(x-2) +40

(d) Expand sec x by Mclaurin’s theorem considering up to x4 term. [4]
ANS: Lety =sec x
y =1/ (cos x)

x2  x3
_ x? % -1
y=>01-5+3-

—x2 x4 —x
= | - (— )+ (= 24
VES P i u g SN

x% x*  x*
= + — - — 4+ =
y =1 ST T

2

y=1+Z+3% 4
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Q1)a) If u:log(§]+log(yj,find X

Wy
xa—u+ ya—uzo.u =0
OX oy
Ans: Ou
y

X

. _[LOX _
" ou
oy

(3M)

Q1)b) Find the value of tanh(logx) if X =+/3 .

Ans : Let

z = tanh(log J§)
~.tanh ™z =log+/3

1, (1+z) 1
- =log| == | ==log3
2 g(l—zj 29

- log (H—Zj =log~/3
1-z

By componendo and dividendo

2341
-2z 1-3
3-1

7 =—
3+1

~.tanhlog/3 = €L
+

[HEN

%
> -

[EEN

(3M)

. 1 1
1)c) Evaluate lim — .
Q1je) Evaluate HB{X—S Iog(x—Z)}

Ans: Iim{ 1 1 }[oo—oo]:limIog(x_z)_(x_3)9
x>8 (x—=3)log(x-2) 0

X—3

x—3 log(x—2)

(3M)




1y
X—2

—X+3 0

=lim
x—3

log(x—2) +

(x=3) IX'IE

(x-2)

—lim L _
N x—3 (X—2)

(x=2)

+log(x—-2)+1

o

(x—2)log(x—2)+ (x—3)| 0

1

Q1)d) If u=r?cos26,v=r?sin20, find

o(x,y) _o(x.y) ou,v)
o(r,0) o(u,v) o(r,0)

Ans: We have

o(u,v) _|2rcos20 —2r®sin20

And = .
o(r,0) |2rsin26 2r®cos26

o(u,v)
o(r,0

(3M)

%
. oY)
o(u,v)

‘:4r

b

3

2
0
2+5i

2+3i
—2i
4

Q1l)e) Express the matrix A =

Hermitian matrix.

Ans: We have

—2i
0
1+2i
2-3i
2
=3i
4
SAFAY = 2-2i
4-3i
6i
A-A’=|-2-2i
4+3i

4
2 +5i
—i
2i
0
1-2i
2+ 2i
0
3+3i
2-2i
0
1+7i

243
2
3i

A'=

LA = (A =

Let P :%(A+ A).Q :%(A—Ae) .

1+2i

3i
as the sum of a Hermitian and a Skew-
—i
(am)

4
2-5i
i

443i
3_

3i
0

—4+3i
-1+7i
=2i




But, we know that P is Hermitian and Q is Skew-Hermitianand A=P + Q.

2 14i (4+30)/2 3 =i (-4+3i)/2
SA=P+Q=| 1-i 0 (3-3)/2|+| -1-i 0 (-147i)/2
(4-30)/2 (3+3)/2 0 @+30)/2 Q+70)/2  -i
Q1)f) Expand tan* x in powers of (X—%j . (am)

Ans: Let

f(x)=tan'x,a=

NG

Sf(x)=tanx, f'(X) = Z’f()_(1+x)

t[E)cant(E) o) et 2T
D -

f(x) =f(a)+ (x— a)f(a)+( 2 2)° f(@)+..

stanTt x= tanl(zj+(x—zj.w—(zj(x—zj er




Q2)a) Expand sin’ @ in a series of sines of multiples of
X=Ccos@+isind

.-.lzcose—isine
X

X+—=2c0sd

X —

X | X |

=2ising

X" =cosn@ +isinnd
1 ..

— =cosn@—isinnd
Xn

1
S X" +—=2cosnd
X

X" —in:Zisin né
X

Now, by Binomial Theorem

7
(2isin¢9)7:(x—1j :x7—7x6.£+21x5.i2—35x“.i4—21x2.i5+7x.i6—i7
X X X X X X° X
.'.(2isin6?)7:x7—7x5+21x3—35x+§—231 ls—%
x x2 X x

X
~.(2isin@)" = 2isin76—7.(2isin50) + 21.(2isin 39) —35.(2isin &)

. =2%sin” @ =sin76 — 7sin50 + 21sin 30 —35sin @

- (2ising)" = (x7 —%j—?[xS —isj+21(x3 —%)—35(x—1j
X X X

s.sin”@= ¥(sin 76 —7sin50 + 21sin 30 —35sin )

(6M)

Q2)b) If y =sin®xcos® X , then find Y,

Ans: We have
y =sin® xcos® x
.y =sin® Xcos® X.COS X = %(Sin 2X)? cos X
= %(1— C0S4X)COS X = %(cos X —C0S 4X COS X)

.. Y ==C0SX——(C0S5X +Cc0oS3x
y 8 16( )

(6M)




nx
By using the result 'y, =a" cos(ax + 7)

ynzlcos x+ % —i.S”cos 5x + % —i.3“cos 3x+ %
2 ) 16 2 ) 16 2

Q2)c) Find the stationary values of X° +y* —3axy,a>0. (8Mm)
Ans: We have f(X,y)=x>+y>—3axy.
Step 1:
2 2
f,=3x"-3ay, f, =3y" —3ax
r=f,=6xs=f, =-3at="f =6y
Step 2: We now solve,
f,=0,f, =0
s xP—ay=0,y*—ax=0
X2
To eliminate y, we put Yy = — in the second equation .
a
~xt—a’x=0,
S x(x*-a%)=0
Hence, x=0 or x=a
When x=0,y=0 and when x=a, y=a.
Hence, (0,0) and (a,a) are stationary points.

Step 3: (i) Forx=0,y=0, r = f,, =0,s=f =-3a,t=1f =0.

Hence, rt—s>=0-9a<0 .

Hence, f(x,y) is neither maximum nor minimum. It is a saddle point.

(ii) For x=a,y=a,

r=f,=6as=f =-3at="f =6a

s.rt—s?=36a’-9a’ =27a’ >0 Hence, f(x,y) is stationary at x=a, y=a .

r=f =6a>0,-a>0
And x

Hence f(x,y) is minimum at x=a, y=a.




Putting x=a, y=a in X’ + y3 —3axy , the minimum value of

f(x,y)=a’+a’-3a’=-a°

Q3)a) Compute the real root of X |Oglxo—1.2 =0 correct to three places of decimals using Newton-
Raphson method. (6M)

Ans: We first note that f(x) = xlog;,—1.2 .

- f(@) =1log},~1.2=-1.2, f (2) = 2l0g? —1.2 =—0.5979
f(3)=3log},—1.2=0.2313

Since f(x) changes its sign from negative to positive as x goes from 2 to 3, there is a root
between 2 and 3.

Now, f'(X)= X.%-F log, = (log;”) ™" +log}, = 0.4343 + log},
x log

e

Hence, by Newton-Raphson formula,

X0 =X, —M,n =0,12,3,.....
P (%)

_Xlog;,—1.2
" 0.4343+log},

3log},—1.2

—— ———=274615
0.4343+log;,

Forxo=3, X =3—

(2.74615).log(2.74615)-1.2
0.4343+ log 2.74615

For x; = 2.74615, X, =2.74615— 2.7406 .

For x,=2.7406, X, =2.7406 Hence x = 2.7406 .

Q3)b) Show that the system of equations
2X—2Y+Z2=AX,2X—3y+2Z=1Yy,—X+2Y = AZ can possess a non-trivial solution only if

A =1,1 =-3. Obtain the general solution in each case. (6M)

2—-1 -2 1) x 0
Ans: We have 2 3-14 2 |y|=|0
-1 2 -1z 0

The system has non-trivial solution if the rank of A is less than the number of unknowns.

The rank of A will be less than three if |A|=0.




2—-1 -2 1
Now, | 2 -3-1 2(=0
-1 2 A

L(2-D)AP+34-4)+2(-224+2)+1(4-3-2)=0
L R=DA+DA-D)-4(A-1)-(1-1) =0
A (A-D[2A+8-A2—42—4-1]=0
S (A=1)(=A2-21+3)=0
L (A-D(A-1(A1+3) =0
A=1LA1=-3
(i) If A=1, we have,

1 -2 1] X 0
2 -4 21yl=|0
-1 2 -1}z 0

By R2>R2-2R1 , R3>Rs+R;

1 -2 1]/x 0
0O 0 O|ly|=|0
0 0 0}z 0

.._X_2y+Z:O, Puttlng z=t;,y=t> .

~The solutionis X=2t,—t,y=t,,z=t,

Q3)c) If tan(a +if) =cos@ +isin @, prove that a:%z+% and ﬁz%logtan(%JrgJ .

(8m)
Ans: We have

tan(a +1f3) =cos@+isin @

stan(a—if)=cos@—isiné

. tan2a =tanf(a +ip) +(a—ip)]

_ tan(a+ip)+tan(a—ip) 2c0sd
1-tan(a +ipB).tan(a —iB) 1—(cos’ @ +sin’H)




stan2g = 2¢c0s6

xiazz
2

s
200 =Nr+—

nt &
L=t
2 4
tan(2i3) = tan[(a +i8) - (a —ip)]
_ tan(a+ip)-tan(a—ip) _ 2ising
C1t+tan(a+if).tan(a—if)  1+1
sitan(h2p)=isiné
~.tan(h2p) =siné@

] 1 1+sin@
2B =tanh*(sin@d)==1lo
p ( ) 2 g(1—sin 0)

=isin@

But
2
1+sin¢9=£sin2g+coszQJ+25ingcosQ:(cosg+singj
2 2 2 2 2 2
2
1—sin9:(sin25+c052Q —25ichosQ: cosg—sing
2 2 2 2 2
0\ . (0T o) .
1 CcO0S E +SIn E CcOS E +SIin
28 ==1 =1
P=5108 — 0% 9 oy
cos| — |—sin| — cos| — |—sin
2 2 2
0
1+t —
1 |t an(zj 1 x 0
.-.,B:EIog —_—<

7 =—log tan
1—tan( j
2

11
Q4)a) Using the encoding matrix as [0 J , encode and decode the message MOVE . (6M)

Ans: Step 1: To replace letters by numbers
M 0] Vv E
13 15 22 5

We write this in a sequence of 2 X 2 matrix




13| 22
15| 5 |
Step 2 : To encode the message

11
We now premultiply each of the above column-vectors by encoding matrix (O :J .

) 1 113 22 B 13+15 22+5 B 28 27
"lo 1)|]15 5| |0+15 0+5| |15 5|
The above message is transmitted in the following linear form taking numbers column-wise. The
message is transmitted in the linear form as
28 15 27 5

Step 3: To decode the message :

The above received message is now written in a sequence of 2 X 1 column matrix as
28 27
Ls 5 } '
The above matrix is then premultiplied by the inverse of the coding matrix i.e., by
|1 -1} 28 27 28-15 27-5 13 22
{0 1 }{15 5 }{ 0+15 0+5}=Ls 5}
Step 4 : To replace numbers by letters
The columns of this matrix are written in linear form as
14 15 23 27 19 20 21 4 25 27
Now it is transformed into letters using corresponding alphabets
14 15 23 27 19 20 21 4 25 27

N 0] w * S T u D Y *

This is the required message.




ou

Ny oyer 2 ou
Qa)b)If u=f(e*”’,e’*,e"™) then provethat — +—+—=
ox oy oz

Ans: Let X ="V )Y =¢e"*,Z=¢e"" .Then u=f(X,Y,2)
JQu_ou X oudv vz
Tox oX ox aY'ax az'ax

8u 8u o* pr
— YD)+ —(0) (-1
ox
8“ a_u X=y _ a_U ez—x
Tox oX oz

ﬁu 8u OoX 0ou 6Y ou oZ

_l_
oy oX oy aYay azay

M _ M oy e“(l) —(0)

oy X

u__a —e —a—uey’Z

oy oX oY

u_ou X ou oY oudz

0z OX &z oY oz 0L oz

ou ou ou ou
= 0)+—e""(-)+—e"(

= (0) P (-1 e ()]

a_u au y—z_a_uez—x

T oY 0Z

ou

(6M)

Q4)c) If y =acos(log x) +bsin(log x) , then show that x’y__, +(2n+1)xy_, +(n*+1)y =0
(8m)
Ans: We have
y =acos(log x) +bsin(log x)
-y, =-asin(log x).% +bcos(log x).%
. Xy, = —asin(log x) +bcos(log x)

Differentiating again w.r.t x,
1 . 1
- Xy, +y, =—acos(log x).— —bsin(log x).—
X X

XY, XY, +y=0 .

Applying Leibnitz’s theorem to each term, we get




(n-1) ()Y, + [y +n@)Y,1+Y, =0

X2 yn+2 + n(2X) yn+l +
XY L, +(2n+D)xy, , + (NP =n+n+l)y =0
X2 yn+2 + (2n +1)Xyn+1 + (n2 +1) yn - 0

Q5)a)If1, a,’,a°,a” are the roots of x> —1=0, find them and show that
(6M)

(1-a)(1-a®)(1-°)(1-a* )=5.

Ans: We have
x> =1=cos0+isin0

x> = cos(2kz +isin(2k )
: 2k

. X = (cos 2k +isin 2k )5 = cos?+sm =

Putting k=0, 1, 2, 3, 4, we get the five roots as
87
X —COS——HSIH?

X, =C0s0+isin0
Xy —cos—+|sm
5

X, —cos—+|sm 5

2r
X, =C0S==+isin==

5 5
we see that X, =a’, X, =a’, X, =a’

T .
Putting X, =COS— +1SIN—
5 5

Therefore, the roots are 1,05,052,05 ,a and hence
X —1=(xX=-D(x-a)(x—a?)(x—a®)(x—a*)

XL i a)x—a)x=a)(x—a)

X1
(x—a)(x—a?)(x=a)(x—a®) =x*+x} + x> + x+1

Putting x =1, we get
l-a)1l-a)1-a*)1-a*)=5




_r2

Qs)b) If O=t"e* ,

Find n which will make %=%3(r2%j . (6M)
ot recor or
Ans:
L PR
00 _pih—lg 4t (g4t | (171
ot 4 |2
2
:E.tn.£+tn_£ r_2
t " t" | 4t
2 2
:EQ+r_20: E+r_2 2]
Ut g o4t
-r®
e dt 0
"
Also,
-r?
or 4t 2t
2 al' _rSH
r —=
00 2t
— 3 " —
L Ofpe00) 019 =—1.£(r39):—1 299 32
or or or\ 2t 2t or 2t or

4 2
SN g || T3 g
2t| 2t atc 2t

2
%g(rzﬁ)z r_z_i 0
r° or or atc 2t

Now equating we get

n -3

t 2t

Sn=—
2




Q5)c) Find the root (correct to three places of decimals) of x° —4X+9=0 lying between 2 and 3
by using Regula-Falsi method . (8M)

Ans: Let y=f(X)=x"—4x-9 . Here, x1=2 and x, = 3.

sy, = f(x)=1(2)=2°-4(2)-9=8-8-9=-9<0
y,=f(x,)=f(3)=3-4(3)-9=27-12-9=6>0

Since f(x) changes its sign from negative to positive as x goes from 2 to 3, there is a root between 2
and 3.

The root is given by

XY, = XY _ 2(6) -3(=9) = 39 =26.
Yo=Y 6-(-9) 15

Now, Y, = f (%)= f(2.6)=(2.6)°—4(2.6)—9=-1.82>0

S Xy =

Since f(x) changes its sign from negative to positive as x goes from 2.6 to 3, there is a root between
2.6and3.

First Iteration : Let

x =26,X,=3Yy,=-1.82,y,=6
oy YN 2.6(6)-3(-1.82) _, coq
Y= % 6-(-1.82)

y, = f(x)=(2.693)° —4(2.693)—-9=—-0.242>0

Since f(x) changes its sign from negative to positive as x goes from 2.693 to 3, there is a root
between 2.693 to 3.

Second lteration : Let

X, =2.693,x,=3,y, =-0.262,y, =6

XY, = %Y, 2.693(6)—-3(-0.262)
V,-Y,  6-(-0.262)

y, = f(x,) = (2.706)° - 4(2.706) -9 = -0.009 > 0

=2.7058 =2.706

c

Since f(x) changes its sign from negative to positive as x goes from 2.706 to 3, there is a root
between 2.706to 3 .

Third Iteration : Let




X =

X, =3,X,=2.706,y, =6,y, =-0.009
XY, = %Y, 3(0.03)-2.706(6)
Y, =Y, —0.009-6

=2.706

Hence, the root correct to three places of decimals = 2.706 .

Q6)a) Find non-singular matrices P and Q such that A=

form. Also find its rank.

Ans: We first write A=13A 1,4

1 2 3 2 1 00/ (12 000
2 35 1|=|0 1 0|A|l0 1 00O
1 3 45| (001 |0 001

By R, >R,-2R,R, >R, —-R,
1 2 3 2 1 00|l [1 00
0 -1 -1 -3|=|-2 1 0|A|j0 1 0
0 1 1 3 -1 0 1/ /0 0 O
By

1 0 0 0] [1 0 0] 1 -2
» -1 -1 -3(=|-2 1 0|A|l0 1
0 1 1 3| |-101] |0 O
1 0 0 0] [1 0] [1 -2
P -1 -1 -3|=|-2 0|A|0 1
0 0 0 0] |-3 1] [0 ©
1 0 0 0 1 0 0] [1 -2 1
» -1 0 0|=|-2 1 0|A|0 1 -1
0 0 0 0] |-3 10/ |O 1
1 0 0 0 1 0 0] [1 -2 1
» 1 0 0|=|2 -1 0|A|l0 1 -1
0 000 [-3 1 0] |0 1

= N e
w w N

A~ O W

2
1 | is reduced to normal
5

(6M)




A % pa
“lo ol PAQ

Hence, therank of Ais 2.

Q6)b) Find the principle value of (1+i)"" .

Ans: Let
z=(+i)", . . logz=(1-i)log(1+i)
~logz=(@1-1) [Iog V1+1+i tan’ll}

A1 7| 1 iz i V4
=(1-i)|=log2+i.— |==log2+——-—=log2+—
( ){2 g 4} 2 g 4 2 g 4
1 ) .(n 1 .
=|=log2+~= |+i| ——=10g2 |= X +I
(o025 Jr(§ -0z -wew
sz=e" =e*e¥ =e*(cosy+isiny)

Log24[ Z
:e{ZJI ” (‘J {cos(f—llog 2)+isin(£—llog ZH
4 2 4 2
_ 2 cos(z—llog2}+isin(£—llogzj
4% 4 2

(6M)

Q6)C) Solve the following equations by Gauss-Seidel method.

27X+6y—z=85
6X+15y+2z2=72
X+y+54z=110

(Take three iterations)
Ans: We first write the three equations as
x:i(85—6y+ z)
27
y—i(72—6x—22)
15

1
z=—110—x-—
54( y)

(8m)




(i) First Iteration : We start with the approximation y=0, z=0 and we get

85
SX%=—=315.
& 27

We use this approximation to find y; i.e. we put x=3.15, z=0 in the second equation
1
LY = EUZ -6(3.15)]=3.54 .

We use these values of x; and y; to find z; i.e. we put x=3.15 and y=3.54 in the third
equation

7, = i(110—3.15—3.54) =191 .

(ii) Second Iteration : We use the latest values of y and z to find x , i.e. we put y=3.54,
z=1.91 in equation 1, we get

X, = 2—17[85— 6(3.54) +1.91] = 2.43

We put x =2.43,z=1.91 to find y from equation 2. Thus,
Yy, = %[72 -6(2.43)-2(1.91)] =3.57
We put x =2.43,y =3.57 in equation 3 to find z. Thus,
Z,= i[110— 2.43-3.57]1=1.93
54
(iii) Third iteration: Putting y = 3.57 , z=1.93 in equation (1) we get
Xy = 2—17[85— 6(3.57)+1.93]=2.43
Putting x =2.43,z=1.93 in equation 2 we get
Y, = %[72 -6(2.43)-2(1.93)]=3.57
Putting x=2.43 , y=3.57 in equation 3 we get
Z, = i[110— 2.43-3.57]1=1.93.
54

Since the second and third iteration give the same values
x=243,y=357,2=1.93
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Q1)a) If Sin (9 + i(p) =tana +iseca , then show that cos 20.cosh2¢p =3 . (5M)

Ans : We have Sin(6+ip)=tana +iseca

s.sinacosip+cosdsinip=tana +iseca
s.sinacoshgp+icos@sinhgp=tana+iseca
Equating real and imaginary parts,

tan & =sin dcosh ¢
seca =cosdsinh g

But

sec’a —tan’a =1

:.€0s” @sinh? p—sin® Acoshp =1

(1+ cos Zej(cosh 2¢—1]_[1—cos 20](1+cosh 2(0) _1
2 2 2 2

-.cosh 2¢p—1+ cos 26 cosh 2¢ — cos 260 —1—cosh 2¢ + cos 26 + cos 26 cosh 2¢p = 4
.2c0s20cosh2¢p =6
-.c0s260cosh2¢p =3

: ou . . ou
Q1)b) If u = log(tanx+ tany) , then show that SIN 2X x +sin2y —=2, (5Mm)

Ans : We have
ou 1 )
—=———"——5€C
ox (tanx+tany)

. ou . 2 tanx
S.8IN2X—=2SIN XCOS X ——————SeC“ X =2, ——M8M8M
OX (tan x + tan y) tanx+tany

) ou tan y
L sin2y —=2.———
Similarly, y oy (fanx+tany)

-.sin 2xa—u+sin 2ya—u: ZM—Z

oy  (tanx+tany)
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Similarly , prove that

-.8in 2x6—u+sin Zya—u+sin Zza—u: 2
oy oz

0 5 -3
Q1)c) Express the matrix A={1 1 1 | asthe sum of a symmetric and skew symmetric matrix.
4 5 9
(5Mm)
Ans : We have
0 1 4
A=5 15
319
0 6 1]
JA+A =6 2 6
1 6 18]
0 4 -7
A-AN=|-4 0 -4
7 4 0_

let P=2(A+A) and Q=5(A—A)

But we know that P is symmetric and Q is skew-symmetric and A=P + Q .

0 3 1/2 0 2 -7/2
~A=P+Q=| 3 1 3 |+|-2 0 -2
1/2 3 9 712 2 0

The first matrix is symmetric and the second is skew-symmetric .
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Q1)d) Expand v1+ SiN X in ascending powers of x upto x*terms.

(5M)
Ans : We have
V1+sinx = \/sinz(x/2)+0052(x/2)+23in(x/2)cos(x/2)
:\/[sin(x/2)+cos(x/2)}2 =sin(x/2)+cos(x/2)
x) 1(xY 1(x) 1(x\*
=l = |-=| = | +orernne +1-=| = | +=—| = | —....
2) 6\2 2\ 2 24\ 4
x x° x> x!
=———+....... 1-—+—.......
2 48 8 384
x x> xX* x
=+ —......
2 8 48 384
Q2)a) Find non-singular matrices P and Q such that PAQ is in normal form where,
4 3 1 6
A=12 4 2 2 | AlsofindtherankofA. (6Mm)
12 14 5 16

Ans: We first write

A=Al
1 000
4 3 1 6 1 00
0100
2 4 2 2|=(0 1 0|A
0 010
12 14 5 16 0 01
0 001
R,
-,
I:\)14
1000
1 3 1 6 05 0 O
0100
05 4 2 2|={0 1 0|A
0 010
3 14 5 16 0 01
0 001
R, >R,-2R,R,-3R,
1 000
1 3 1 6 05 0 O
0100
0 3 -2 5|={-2 1 0|A
0010
0 6 -4 -22 0 01
0 001
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Cc, >C,-2C,,C,—4C,

1 -2 3 -4
1 0 0 O 1
01 0 O
0 -3 -2 -5|=|-2 1 0]A
0 0 1 O
0 6 -4 -22 0
0 0 0 1
R, > R,-2R,
1 -2 -3 4
1 0 0 O 1 0 O
0 1 0 O
0 3 -2 5|={-2 1 0|A
0O 0 1
0 0 0 -12 0 -2 1
0O 0 0 1
€, G G
32" 5
1 2/3 3/2 4/5
100 O 1 0 / / /
0 -3 0 0
011 1 |={-2 10
0O 0 22 0
0 0 0 12/5 1 -2 1
0 0 0 -1/5
C3—C2,C4—C3
1 2/3 5/6 -7/24
100 O 1 0 0 / / /
0 -1/3 1/3 0
010 0 |=(-2 1 A
0 0 12 -5/24
0 0 0 12/5 1 -2 1
0 0 0 -1/12
C34
1 2/3 -7/24 5/6
1000 ey O JFO / / /
0 -13 0 1/3
01 00|=-2 1 A
0 0 -5/24 1/2
0010 1 -2 1
0 0 -Y12 ©
Q2)b) If z=f(X,y) and Xx=ucoshv,y=usinhv ,prove that
2 2 2 2
BEEREEEE
OX oy ou u-\ov
Ans : We have,
gzg.%+@.g=@coshv+@sinhv -------- (1)
ou OX ou oy ou ox oy
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0L 01 oXx 0z oy oz 0z

And, —=——+——:—usmhv+—ucoshv
N OX OV 0y ov OX oy
1 @:gsmhv+a—coshv --------- (2)
uov ox oy

Now squaring (1) and (2) and subtracting , we get

2 2
(azj ——2.((32] (82) cosh?v+| — o sinh2v+2[§j a coshv.sinhv—(@) sinh?v— a coshzv—Z(gj a coshv.sinhv
ou) u\ov OX oy OX J\ oy OX oy ox J\ oy

&) -3

Q2)c) Prove that log ( ((:‘+ E)):|I((Z+ E))j (Zn +tan~ az;ibsz .Hence evaluate log [%j .

(6M)

Ans:let a+b=A, a—-b=B.

B+iA B+iA
0g = 2nri+log -
A+iB A+I1B

=2nri+log(B+iA)—log(A+iB)

_2nm+{logx/Bz+A2+|tan } [Iog\/A2+Bz+|tan A} '

=2nzi+i| tan? — A oEny — B
B A

X_
But tan~'x—tan'y= tan‘l( yj
1+xy

|OQ{B+iA}=2nﬂi+itan‘{ (A/B)-(B/A) }

A+iB 1+(A/B)*(B/A)

2 2
=2nri+itan™ A -8B
2AB

But A’ —B?=(a+h)’—(a—b)*=4ab and AB=(a+b)(a—b)=a*-b?

MUQuestionPapers.com




Iog[BﬂA}:Znﬂthan‘liLbz:i 2n7z+tan‘122Lb2
A+iB 2(a” -b%) (a”-b")

Q3)a) If a and B are the roots of the equation z%sin* @—zsin20+1=0, then prove that

a"+ " =2cosndcosec’d and o' B =cosec™d . (6M)

Ans : Solving the quadratic equationin z,

,_sin 20 +sin® 20— 4sin’ 9 _ 2sin 9 cos 0 £ /4sin’ 9 cos’ 9 —4sin” 0
2sin® @ 2sin® @
. cos@ ++/cos* 6 -1 _ cos 6 ++/—sin’ @
sing sing
_cos@+ising
- sing

= (cos@ xisin#)cosecd

Let a=(cos@+isind)cosecd , [ =(coséd—isind)cosecH

s.a" =(cos@+isind)" cosec" & = (cosn & +isin(n d))cosec” &
B" =(cos@—isinB)" cosec" & = (cosn & —isin(n &) cosec” &
s.a"+ p" =2cosndcosec”

a".B" =(cos@+isin )" cosec" 6.(cos @ —isinH)" cosec" &
= (cos’n @ +sin’n @) cosec”" & = cosec"d

Q3)b) Solve the following equations by Gauss-Siedal Method ;

15x+2y+z = 18, 2x+20y-3z = 19 , 3x-6y+25z = 22 .Take three iterations . (6Mm)

Ans : We first write the equations as

x:%[18—2y—z] ——————————————————— (1)
y=-"[19-2X+3z] - (2)
2=-"—[22-3X+6Yy] - (3)
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(i) First Iteration :We start with the approximation Yy, = 0, Z,= 0 and then from (1), we

get
18
=—=12 .
% 15

We use this approximation to find y from (2), i.e we put x=1.2 and z=0 in (2) and get

1 16.6
=—|19-2(1.2)+3(0)|=——=0.83 .

We use these values of x and y to find z from (3) i.e. we put x=1.2, y=0.83 in (3) and get

z :i[22—3(1.2)+6(o.83)] _ 2338 _ ) 9352
25 25

(ii) Second iteration : We use the latest values of y and z in (1) to find x, i.e we put y=0.83
and z=0.9352 in (1) and get

15.4048

X, = %[18— 2(0.83)-0.9352] = =1.0270 .

We now put x=1.027 and z=0.9352 in (2) and get

y, = 2_10[19— 2(1.027) +3(0.9352)] = 227210 _ 6 9876 .
We use these values of x and y to find z from (3)
Z,= 2i5[22 —3(1.0270) + 6(0.9876)] = 28.8446 =0.9938

(iii) Third Iteration : We use the latest values of y and z to find x, i.e. ,we put 0.9876 and
z=0.9938 in (1) and get

Xy = %[18— 2(0.9876) —0.9938] = 151—231 =1.0021 .

We now put x=1.0021 and z=0.9938 in (2) and get

1 19.9772

y, = 2—0[19— 2(1.0021) +3(0.9938)] = =0.9989

We use these values of x and y to find z from (3)

1 249871

Z,= 2—5[22—3(1.0021) +6(0.9989)] = =0.9995

Hence, we get x =1.0021, y =0.9989, z=0.9995 .

MUQuestionPapers.com




Q3)c) Prove that if z is a homogeneous function of two variables x and y of degree n, then

2 2 2 2 2 2
VL — +2xy o2 +y E—n(n —1)z .Hence find the value of X E+2xy 2 +y26—§ at
e oxoy oy ox’ oxoy =~ oy

x=1,y=1when z = x° tanl(x;ry j X' +y" (8Mm)
X+xy ) xX2+y?

Ans : Since zis a homogeneous function of degree ninxandy, by Euler’s Theorem ,

X—+Y—=NZ = e (1)

ox "oy

Differentiating (1) partially w.r.t x,

0’1 oz o’z oz
X—+—.1|+y =Nn—
OX® OX oxoy  oX
2
Xa a _(n _1)_
ox? 8x6y

Differentiating (1) partially w.r.t vy,

0’z o0z 0%z 0z

X +—+y—=n—
oxoy oy "oy oy
0°1 0°1
“L=(n-)=
aayﬂ/ay (n )8y

Multiplying (2) by x and (3) by y and adding , we get,

2 2 2
26 +2Xy 02 yza—_( n-1) xg+y82 =(n-1)nz
ox* oxoy oy’ oy

Further, if u is a homogeneous function of three variables x , y , z of degree n then we can prove that

2 2 2 2 ?
L 0% 26L:+26L:+2Xyau+2Xyau+2Xyau=n(n—1)u
ax ay oz ay ayﬁz 020X
For z=x"tan™ ey X ak
X* 4+ Xy x +y’

Putting X=xt, Y=yt, we get

2 2 4 4
F(x,Y)= X°tan™ X2 A X2+Y2
X2+ XY ) X°+Y
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X144 y4t4

242 242 2
s FXY)=xttan™! x2t2+yt +————=x"ttan™ x2+y tzx +y°
XT° + xtyt X1 +yt X®+ Xy X2 +y?
2 2 4 4
Now, let Xetetan_l(xz-i-y j=u , and tz% =v.
X* + Xy X5 +y
u and v are homogeneous functions of degree 6 and 2 respectively .
2 2 2
xa—u ya—u:6u , 28—L21+2xy au +y28—g:(n—1)nu:30u
ox oy OX Oxoy oy
ov ov
X—+Yy—=2V
ox oy
2 2 2
X28_2 2Xy ov yza—_(n ~Dnv=2v
OX oxoy oy?
2 2 2 2 2
x28L21+2 Xy du y28 e +2xy ov y28 =(n-nu+n(n—-1v=30u+2v .
OoX oxoy oy? Ox? oxoy oy?
2 2 2 2 2
xza—§+2xy oz +y28—§:(n—l)nz=30x6t6tan’1 Xzi 2t2x Y
OX OXoy oy X“+ Xy x> +y°

Q4)a) If tan (o +i) =cos @ +isin & then prove that a—%rJr% ,8=—| g[” ZJ (6Mm)
Ans:  Wehave , tan(a+if)=cos@+isind ..tan(a—if)=cosd—isind
~.tan2a =[tan((a +iB)+(a —ip))]
_tan(a+ip)+tan(a—-if) 2c0s 6
1-tan(e+ip)tan(a—if) 1-(cos’O+sin’6)
tanZa:ZCOSH
T Nt n
S20=NT+—,00=—+—
2 2 4
Also, ~tan2p =[tan((a+if)—(a—ip))] .
_tan(a+ip)-tan(a—ipB) 2ising _ising
1+tan(a+if)tan(a |,B) 1+1
itanh2g =isiné
s.tanh2p4 =sin@
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-2 =tanh™(sin ) = % Iog(1+Sln ej

1-sin@

2
But 1+sin® :(sin2§+cos2 §j+25in§cos§ = (sing+cosgj

2
But 1-sin@= sin2Q+coszg —Zsingcosgz sing—cosg
2 2 2 2 2 2

2
(sin9+cosgj cosg+sing
. 1 2 2
~2p==log 7 =log — o
2 (sinz—coszj COSE_SinE
1+tan
ﬁzilog _—Iogtan(ergj
0
1-tan—
Q4)b) Expand X+ X3 =x* +x—1in powers of (x-1) and hence find the value of (6M)
9
1) f| —
w 1 3]
(2) f(1.01)
Ans: Let f(X)=x"+x'—x*+Xx—1anda=1, ~f@=1 .
o F(X) =5 —4x° +3x% —2x+1, - f'@)=3
o F7(X) = 20%° —12%° +6Xx—2, s ) =12
- F"(X) =60x* —24x +6, S =42 .
- Y (x) =120x - 24, S =96 .
- FY(x) =120, - (1) =120.

Now, f(X)= f(a)+(x-;;1)f'(a)+(X;_:'j‘)2 f(a)+ (X;Ia)?’ F7(a)+

2 3 4 5
£ ) =1 (x=1).34 XD 49, KDy (XD g, XED 904
2! 3! 41 51
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S () =14+ (x=12).3+6(x—=1)* + 7(x=1)° +4(x-D* + (x-1)°

(i) To find f (%j ,we putx=0.9,and x-1=-0.1

. £(0.9) =1+3(-0.1) +6(-0.1)* + 7(-0.1)° + 4(-0.1)* + (-0.1)°
=1-0.3+0.06—0.007 +0.0004 — 0.00005
=0.7534

(i)  Tofind f(1.01),we put x=1.01 and (x-1)=0.01 .
. £(1.01) =1+3(0.01) + 6(0.01)* + 7(0.01)® + 4(0.02)* + (0.01)°
=1+0.03+0.0006 —0.000007 +0.00000004 — 0.0000000005
=01.0306

Q4)c) For what values of A and p , the equations , x+y+2=6; x+ 2y +32=10; X+ 2y + Az = ;

(i) Have a unique solution
(ii) Have infinite solution

Find the solution in each case for a possible value of pand A . (8M)

Ans :

11 1]/«x
Wehave |1 2 3| y|=|10
1 2 1|z

11 1 X 6
01 2 ||ly|l=| 4
0 0 21-3]||z 1—10
(i) The system has unique solution if the coefficient matrix is non-singular (or the rank A,

r = the number of unknowns, n=3)
This requires A—3#0, . A1#3

.. A # 3then (1 may have any value )the system has unique solution .
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(ii) If A = 3, the coefficient matrix and the augmented matrix becomes

111 111 6
01 2 01 2 4
0 0O and 0 0 0 x-10

The rank of A=2, and the rank of [A,B] will be also 2 if u=10 .

Thus if A=3 and p =10, the system is consistent .But the rank of A(=2) is less than the
number of unknowns (=3) . Hence the equations will possess infinite solutions .

1

x?+a?’

Q5)a) Find the nth derivative of y = (6M)

Ans : We have

1 1 11 1
y x*+a* x?*-a%* 2ai|x—a x+ai

i{ (-)"n!  (=D)"n! }

Yo =

2ai| (x—ai)™  (x+ai)™
ey 1
2ai | (x—ai)"* (x+ai)"™
let X=rcosd,a=rsiné ,sothat r’=x>+a’,f=tan"(a/x) .
Now,
1 1 1 1
(x—ai)™  r"™(cos@—isin®)"* " cos(n+1)@—isin(n+1)6
1_ o= 11[cos(n+1)9+isin(n+1)0]
(X_al)n+ rn+
1 1 1 1
(x+ai)"™  r"™(cos@+isind)™* r™ cos(n+1)6+isin(n+1)6
1_ o= 11[cos(n+1)6?—isin(n+1)6’]
(X_al)n+ rn+
ot L isinnene
(x—ai)™ (x+ai)"™ "
Putting th lues i (=Dt L 1 t
uttin ese values in - - - - , We ge
3 2ai | (x—ai)"™ (x+ai)™ &
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Yo = (—D”.n!.l%sin(n +1)0
ar

a . an+l
Butr=——. [wa=rsing,. .r"=——_
sing sin™ o0

Yo = (—1)”.n!%sin”*lesin(n +1)0 .
a

Q5)b) Discuss the maxima and minima of X° + Xy’ —12x° —2y* + 21x +16 . (6Mm)
Ans: We have f(x,y)= X°+Xy’ —12x* —2y* +21x+16 .

Step | :

f =3x*+y®>-24x+21

f,=2xy-4y

fo=6x-24,f =2y f =2x-4

Stepll:

We now solve the equations f =0, f,=0 .

23X +y? —24x+21=0 and 2xy—4y=0 .
The second equation gives 2y(x-2) =0 .

SLox=2o0ry=0.

When x=2, the first equation 3X* + y* — 24X+ 21 =0 gives
~12+y?—48+21=0 hence, y2-15=0 , y?=15 ,y= ++/15 .
.. The stationary values are (2, \/1_5) , (2, - \/E) .

Wheny =0, the first equation 3X* + y* —24x+21=0 gives

3x° —24x+21=0 , x*-8x+7=0.
(x-7) (x-1) =0, hencex=1,7 .

Therefore , the stationary values are (1,0), (7,0) .
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Step Ill :

(i) FOFX=2,y=\/E ,
r=f,=12-24=-12;s=f, =2J15,t=f, =4-4=0
rt—s?=0-60=-60<0
. f(x,y) is neither maximum nor minimum. It is a saddle point .
(i)  Forx=2,y=-15 ,
r=f,=12-24=-12,s=f =-2J15,t=f =4-4=0
S rt-s=0-60=-60<0 .

.. f(x,y) is neither maximum nor minimum. It is a saddle point .
(iii) For x=1,y=0,
r=f,=6-24=-18s=1f =0,t=f =2-4=-2

rt—s>=36-0=36>0 andr=-18, negative
.. (1,0) is a maxima .
..The maximumvalue=1+0-12-0+21=20 .
(iv) Forx=7,y=0,
r=f, =42-24=18s= ny =0,t= fyy =14-4=10

S rt—s=180-0=180>0
Hence, (7,0) isa minima .
The minimum value =343 + 0 -588-0 +147 +10 =-88 .

Q5)c) Prove that if A and B are two unitary matrices then AB is also unitary. Verify the result when

1+ —1+i
11 1 1+i ICE
A=— . and B= 2_ 2_ ) (8Mm)
Bl-i - Lei 1-i
2 2

Ans: We have
(AB)(AB)’ = (AB)(B’A’) = A(BB?) A’
= AIA? [ - B isunitary]
— AN = | [ -+ Alis unitary]
Similarly , we can prove that (AB)’(AB)=1 .

Hence , AB is also unitary .

11 1 1+i
Now, A= { }

Bl -1
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A’A= %[;i 1_21'%[1: 1—ﬂ

woa 1[3 0]_[1 0],
300 3] [0 1

1_+i —1+i
Now, B = 2_ 2_
Lri 1-i
2 2
1+i 1+i X 1-i 1-i
T e N i ) Pt I
2| =-1+1 1-1i 21 -1-1 1+i

) 1{ 1-i 1—1{1” —1+i}
BB== _ . . .
41 -1—-1 1+i1{[1+1 1-i
B7B C1] @)+ =it —@-i?+ -y
Al -+ A+i)? -2+ (i)

1[4 0] [1 0
B’B== = =1
4 _0 4 01
Hence it is proved that if A and B are two unitary matrices then AB is also unitary and the result is
verified .
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Q6)a) If x =cosh (% log y} , prove that (x* -1)y , +(2n+1)xy, ,+(n*-m?)y, =0. (6M)
1

Ans : X = cosh (— log yj .
m

cosh™x = (%Iog yj
logy = mlog(x+\/x27—1): Iog(x+\/ﬂ)m

Differentiating w.r.t x,

ylzm(x+\/ﬁ)ml 1+ 2X }

24/x% -1

fo=m{xe )" J__1]

x? -1
(\/x2—1+x)m oy
X2 -1 Ix?-1
yiVx* ~1=my

(x* -1y =m?y’

=m

Differentiating w.r.t x,

YiV x*—1= my
(x* =1)2y,y, + 2xy," =m*2yy,
(x* =1)y, + Xy, =m’y

Differentiating n times using Leibnitz Theorem,

n(n-1)

(X2 _1) yn+2 + n'zxyn+l + 21

2y, + Xy, +ny. =m’y

(X*=1)Y,., +(2n+Dxy,,, +(n*-m?)y, =0
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Q6)b) Find a root of the equation Xe* =CO0S X using the Regula Falsi Method correct to three
decimal places .

Ans :

f(x)=cosx—xe* =0
f(0)=1 :
f(1) =cosl-e=-2.17798

The root lies between 0 and 1.
Taking X, =0,x =1, f(X,) =1 f(x)=-2.17798 ,

Using Formula,

= Xhxfle) A 15
F(x)—f(x) -217798-1 3.17798
Now, €050.3147—0.31476%**7 =0,5199 .

The value that we get is positive, so the root lies between 0.3147 and 1.
Taking X, =0.3147,x =1, f (x,) =0.5199, f (x) =-2.17798 ,

Using Formula,

o = YoV x f(x) 0.3147(2.1779)+0.685335 1

= iy = 0.44675
f(x)-f(x)  —2.17798—(0.51987)  2.2384

Now,

0s0.44675—0.44675e"**™ = 0.2035

The value that we get is positive , so the root lies between 0.44675 and 1.
Taking X, =0.44675,x =1, f (x,) =0.2035, f (x) =—2.17798 ,

Using Formula,

. =¥~ X f(x) 0.44675(-2.1779)-1x0.2035 1

= = = 0.494020 .
f(x)—f(x) —2.17798—(0.2035) 2.0242

Now,

c0s 0.494020 —0.494020e°**** = 0.0708

The value that we get is positive , so the root lies between 0.494020and 1.

Taking X, =0.494020,x, =1, f (x,) =0.0708, f (x) =—2.17798
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Using Formula,

_ %Y= Xf (%) _ 0.494020(-2.1779)-1x0.0708 _ 1

, = = =0.51771 .
f (X1) —f (XO) —2.17798—(0.0708) 1.9316
Now,
c0s0.51771—0.51771e>""™ =0.00124 .
Taking, X, = 0.51771, X =1 f (Xo) =0.00124, f (X1) =-2.17798 .
Using Formula,
- XY, — le (XO) _ 0.51771(-2.1779) -1x0.00124 _ 1 05177136
f (Xl) —f (XO) —2.17798—(0.0708) 1.9315699

Now, €0s0.5177136—0.5177136e%°""** =0.00124
If we compare X, and X, , we find that both are same upto four decimal places .

Hence , the root of the equation correct upto four decimal places is 0.5177 .

Q6)c)1) Expand Sin* @cos? @ in a series of multiples of © . (am)
.. 1 ]
Ans:let X=cos@&+isiné S.—=c0s@-isind
X
n, 1 .
Also X"+—=2cosnf and X' ——=2isinnd
X X
Now consider,
1Y 1Y
(2isin9)4(20059)3:(x——j (x+—j
X X

S SR
et et
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(2isin6)*(2cos #)* = 2cos 76 —2cos50 —6.c0s 36 +6¢0s &

cos76 cosb@d 3cos39 3cosd
2

sin* @cos® @ =

Q6)c)2) If one root of X* —6x% +18x* —24x+16 =0 is (1+i) ; find the other roots. (am)

Ans : Since ( 1+ i) is a root of the given equation , then we know that (1-i) must be one of the
remaining roots because complex roots always occur in conjugate pairs . Hence, (x-1-i) and (x-1+i)
are the factors of the left hand side, i.e the left hand side is divisible by

{(x-1)-i} {(x1)+i},ie.by (X=1)"=i*= x*=2x+2 .
Dividing the left hand side by X* —2X+2 , we get X° —8x+32 .

Solving the equation X? —8x+32 , we get X° =4+4i

Hence, the remaining roots are (1—1),(4+4i),(4—41) .
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